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Background

For a loop @, we define:
left and right translations of a by x al, = xa aR, = ax
right section of Q Ro ={R« | x € Q}
right multiplication group of Q Mlt,(Q) = (Rq)
multiplication group of Q MIt(Q) = (Lx, R« | Vx € Q)
inner mapping group of Q Inn(Q) = {0 € MIt(Q)|10 = 1}

Definition

A subset S of a group G is closed under conjugation if x 1yx € S for all
x,y €S.

Defintion

A loop Q is a right conjugacy closed loop (or RCC loop) if Rq is closed
under conjugation.
Note: R 'R R € Rg for all x,y € Q.

| \
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Background

Proposition

For a loop @, the following are equivalent:
(1) Q is an RCC loop,
(2) The following holds for all x,y,z € Q:

Ry 'Ry Ry = Ry yx- (RCCy)
(3) The following holds for all x,y,z € Q:
(xy)z = (xz) - z\(yz). (RCCy)

v
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Background

Definition
For a loop Q, a subset S of Q is a subloop if (S,-,\,/) is a loop. A
subloop N of a loop Q is a normal subloop, N < Q, if it is invariant under

Inn(Q). )

the left nucleus of Q, N\(Q)={acQ|a-xy=ax-yVx,yeQ}
the middle nucleus of Q, N,(Q)={ac Q|x-ay=xa-yVx,y€Q}
(@

the right nucleus of Q, Ny(Q)={aeQ|x-ya=xy-aVx,y € Q},
the nucleus of Q, N(Q) = NA(Q) N NL(Q) N N,(Q),

the commutant of @, C(Q)={ae Q|xa=axVx e Q},

the center of Q, Z(Q)=N(Q)N C(Q).
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Background

Proposition

Let Q be a RCC loop. Then
(i) Nu(Q) = N,(Q) 2 Q and
(i) C(Q) < NA(Q).

Let Q be a RCC-loop with N < Q and consider Ry = {Rx | x € N}. Fix
x € N and then Vy € Q, RnyRy_l = R(yx/y) € Rn since yx/y € N.
Hence, normal subloops of @ correspond to unions of conjugacy classes in
Ro.
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Simple Right Conjugacy Closed loops

Notation

Let F, be the finite field of order where g = p" for a prime p and some n > 0. For a
matrix M, let

Det(M) denote the determinant of the matrix M,

Tr(M) denote the trace of the matrix M and

Char(M) denote the characteristic polynomial of the matrix M.
All matrices will be of size 2 x 2 (i.e. M € GL(2,q)), hence

Char(M) = x> — Tr(M)x + Det(M) € Fq[x].

First, let f(x) = x*> — rx + s be irreducible in F,[x]. For each b € F,, define

and for a # 0,
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Simple Right Conjugacy Closed loops

Lemma

Let f(x) = x?> — rx + s be irreducible in F4[x]. The conjugacy class of all
matrices in GL(2, q) with characteristic polynomial f(x) is precisely the set
{M(ap) | a,b € Fg} for a# 0.

Theorem (MG)

Let f(x) = x* — rx + s be irreducible in Fy[x]. Let Q = F2\{[0,0]},
written as a set of row vectors. Define a binary operation of on @ by

[a, b] of [C, d] = [a, b]M(c,d)'

Then (Q, of) is a loop.
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Simple Right Conjugacy Closed loops

Note
In (Q,of), we have

(i) [a,b] of [c,d] = [a(r — d) + be, =) | pa] ¢ 20,
(ii) [a, b] of [c, d] = [ad, bd] c=0,

Notation

In (Q,o0f),

(i

(ii

(ii) My, denotes the matrix associated with the right translation by
[x, y1

| N

[x, y] denotes an element in Q,

)
) Rix,y] denotes the right translation by [x, y],
)
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Simple Right Conjugacy Closed loops

Lemma (MG)
In (Q, or)

_p feNT
(i) fora#0, R} =M} _(rab _a> :%<b

b —a
. 1 1 0
(i) R[o,,]—f(o 1),

(iii) Rpa,b),[c,d] = M(a,b)M(C,d)M71

[a,bloflc,d] —

s —(a?sf(d)—abcds—abcd+aber+acdr —acr® +-acrs+c £ (b))
(ac(bc—ad+ar)) ,
0

(iv) R[a,b],[O,d] = M(a b) M M_

a

[a,b]of [0, d] 0 1
) p2 (b=L)(d=rtbd)
(v) Rp.el.tc.q) = Mio.o)Mie.ayMig o1, = (o 1

_ 10
(Vi) Rio,o10.61 = Mo,y Mio,o) M o, 0.0 = (o 1)'

g2 (d=D(b-ribd)

f(b)/a
I’(—)/b ) = %M[—a,r—b]v

)
) and
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Simple Right Conjugacy Closed loops

Proposition
Let Q be a loop. Then a € C(Q) N NA(Q) & R, € Z(Mit,(Q)).

C(Q,or) ={[0,b] | Vb € F, b# 0}. That is, the only elements of
C(Q,or) are in the set {Ry, 4 | [a,b] € C(Q,0r)}.

(Q,0r) is an RCC loop.

Let ¢ # 3. Then C(Q,of) = N\(Q,of). If g=3 and r # 0, then
C(Q,0r) = NA(Q, o).

Mark Greer (UNA) Simple RCC Loops 10 / 20



Simple Right Conjugacy Closed loops

Note

As noted before, normal subloops of @ correspond to unions of conjugacy
classes of matrices in GL(2,q) which are contained in Rig o) R(q,o,) itself
is the union of conjugacy classes, namely, {M, p)la, b € Q,a, b # 0},
which has size g — g, and the g — 1 one-element conjugacy classes in the
center of GL(2,q). Since the order of a normal subloop of Q must divide

|Q| =q%—1.

Lemma (MG)
The only non-trivial normal subgroups of (Q,of) are C(Q,of) and

{[Oa 1]a [Oa *1]}'
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Simple Right Conjugacy Closed loops

Let f(x) = x? — rx + s be irreducible.

(i) If r #0, then (Q,of) is simple.
(ii) If r =0, then Z(Q, or) = {[0,£1]} and (Q,or)/Z(Q, of) is simple.
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Example

Elements
Let g = 3 and hence the elements of (Q, of) are

{l0,1],[0,2],[1,0], [1,1],[1,2],[2,0], 2, 1], 2, 2]}

| A\

Conjugacy Class
Let f(x) = x? + 2x + 2 and note that f(x) is irreducible in F3.

o) () (260606
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Example

Full Set of Matrices

1 0 2 0 1 1 0 1 2 2 1 2 0 2 2 1
1696260026006 10G6 )
10 2 0 11
M(O,l):<0 1)’M(0,2):(0 2) M(170)2<1 0>""
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Example

Visualizing the construction
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Example

Visualizing the construction
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Example

Visualizing the construction
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Example

Right Section

R(Qyof) = {()’ (17 2)(37 6)(47 8)(57 7)7 (17 3,4, 7, 2a 6,8, 5)7 (17 4,5, 67 27 8,7, 3)7
(1,5,3,8,2,7,6,4),(1,6,7,4,2,3,5,8),(1,7,8,3,2,5,4,6),(1,8,6,5,2,4,3,7)}.

v

Loop (Q. o)
or |1 2 3 4 5 6 7 8
111 2 3 4 5 6 7 8
212 1 6 8 7 3 5 4
3/]3 6 4 1 8 5 2 7
414 8 7 5 1 2 6 3
5/5 7 1 6 3 8 4 2
6|6 3 8 2 4 7 1 5
717 5 2 3 6 4 8 1
8|8 4 5 7 2 1 3 6

Table: Multiplication Table for (Q, of)
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Conclusion

Simple RCC Loops

q Order | Number of Number of Number of Exhaustive
primitive non-isomorphic, | Simple RCC loops
polynomials | nonassociative
RCC Loops

3 8 3 3 2 v
5 12 2 2 2 v
4 15 6 3 3 v
57 24 10,3 13 11

9 40 2 2 2

7 48 21 21 18

11 60 5 5 5

8 63 28 10 10

9 80 36 18 16

13 84 6 6 6

11 120 55 55 50

13 168 78 78 72

16 255 120 30 30
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Conclusion

Conjecture 1

For (Q, of)

Innp(Q,of):{G; }1/>|x:325m a,yeFqy melZ}.

Conjecture 2

| A

Let p be a prime number.

(i) If g = p, then the number of nonisomorphic RCC loops constructed
from GL(2,q) is %.

(i) If g = p?, then the number of nonisomorphic RCC loops constructed
from GL(2,q) is #.
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