NTNU
Norwegian University of
Science and Technology

Towards a Characterization of
Left Quasigroup Polynomials
of Small Degree Over F

Simona Samardjiska (joint work with Danilo Gligoroski)

Department of Telematics, NTNU, Norway
simonas@item.ntnu.no,danilog@item.ntnu.no

MileHigh, August 11 — 17, 2013, Denver

\

www.ntnu.no


simonas@item.ntnu.no, danilog@item.ntnu.no

Introduction - Permutation Polynomials (PP)

A polynomial f(z) € Fylx] is called a permutation polynomial
(PP) of Fy if the induced function f :c— f(c) from Fy to itself
is a permutation of F,.
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Introduction - Permutation Polynomials (PP)

A polynomial f(z) € Fylx] is called a permutation polynomial
(PP) of Fy if the induced function f :c— f(c) from Fy to itself
is a permutation of F,.

m Hermite criterion
f(z) € Fylz] is a PP of Fy iff
m f has a unique oot in F,
mVn,1<n<g-2,(n,q) =1, Deg(f") <qg—2 (mod z?—zx)
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Introduction - Permutation Polynomials (PP)

A polynomial f(z) € Fylx] is called a permutation polynomial
(PP) of Fy if the induced function f :c— f(c) from Fy to itself
is a permutation of F,.

m Hermite criterion
f(z) € Fylz] is a PP of Fy iff
m f has a unique oot in F,
mVn,1<n<g-2,(n,q) =1, Deg(f") <qg—2 (mod z?—zx)

m A small amount of classes known
m Characterization- open problem
m In characteristic 2

m Dickson (1896) - up to degree 5
m Liet al. (2010) - degrees 6, 7
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Permutation Polynomials of Degree < 5 over Fy:

[Dickson]

All normalized PP:

x all k

z? all k&

3 (2F—-1,3) =1

zt + ax? + bx x = 0 is the only root
z° (28 —1,5) =1

25 4 axd + o’z 2k = 42 (mod 5)
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Permutation Polynomials of Degree 6 over F,: [Li et al.]

m k- odd: 20

mk=23:

x6+x5+x3+ax2+aa: x6+x5+a:ﬂ3

2+ + a2+ 28 + 25 4 2*

20 4+ 25 + 2t 4 23 + 22 20 + 23 + 22

S+t 4+ o 20 + 2° 4+ 2t + o2 + at2? + bz

and « is a root of 23 + x + 1.

m k=4
a0+ 2° + 2% + B2 + pox
$6+m5+53$4—|—l’3+ﬁ$2—{—ﬁ6$
28+ 25 + BBt + B + B822 + B3z
and f is a root of z* + x + 1.

| k‘ =5 .’E6 + 335 + 1‘2 B :lel\lv}(;gianumvmn) of
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?

m Ex: Algebraic Degree 1
9(z,y) = Li(z) + La(y)

L1, Lo linearized polynomials, Lo - no other roots but 0.
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?

m Focus on LQPs over Fy: of algebraic degree 2

m notation - ;LQPs
m known as MQQs when defined over F§

9(x,y) = h(z,y)y +f(x)
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?

m Focus on LQPs over Fy: of algebraic degree 2

m notation - ;LQPs
m known as MQQs when defined over F§

9(x,y) = h(z,y)y +f(x)
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?

m Focus on LQPs over Fy: of algebraic degree 2

Degree 2: g(z,y) = ay® + bry, ab=0
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Left Quasigroup Polynomials (LQP) over F

A polynomial g(x,y) € Fylx,y] is called a Left Quasigroup
Polynomial (LQP) of By if for allu € Fy, g(u,y) is a
permutation polynomial of IFy.

m Natural extension of PPs
m Natural question:
Can we characterize LQPs for small degrees?

m Focus on LQPs over Fy: of algebraic degree 2

Degree 3: g(z,y) = (z +y)3, k - odd
g(z,y) = (1172 +x+0b)y, 22 4+ z + b - irreducible
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2 LQPs over F,

f1, fo, f3 - linearized polynomials

Degree 4 :
9(z,y) = ay’ + ey’ + f2(2)y? + f3(2)y
deg(fa),deg(f3) <2
Degree 5 :
g(x,y) = ay’ + fil@)y' + ey’ + fa(2)y® + fs(2)y
deg(f1) <1, deg(f2) < 2,deg(f3) <4
Degree 6 :
gz y) = ay® +b° + fi(@)y' + e’ + fa(2)y? + f3(2)y

deg(f1) <2, deg(f2) < 4,deg(f3) <4
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2 LQPs over F,

Case I:
Degree 4 :
g(x,y) = ay'+ e’ + fa(a)y® + fa(a)y
deg(f2), deg(fs) <2
Degree 5 :
glz,y) = ay’+ fi(2)y'+ ey’ + fa(x)y® + fa(z)y
deg(f1) = 1. deg(fz) < 2,deg(fs) < 4
Degree 6 :
g(z,y) = ay® +boy° + fi(@)yt+ ey’ + fola)y® + f3(z)y

deg(f1) = 2. deg(f2) < 4,deg(f3) < 4
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2 LQPs over F,

9(z,y) = cy® + fa(x)y* + f3(z)y

defines a s LQP of deg < 6, iff one of the following is true

= g(z,y) = f3(x)y,
where f3(x) - linearized pol. without roots and deg(f3) < 4

m g(z,y) = fo(x)y® + f3(x)y,
where
w k=2, fo(z) = [[1_(z — i), fa(z) =]
m k=3, fo(z) = [T (& — i), fa(z) =TT

and a; are all the elements of Fqx.

m g(z,y) = (y+ fa(2))’,
where k - odd, deg(f2) < 2

2:3(33 — ;)
_s(r—ay)
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2 LQPs over F,

Case II:
Degree 4 :
g(z,y) = ay*+cy’ + fa(z)y® + fa(z)y
deg(f2),deg(f3) <2
Degree 5 :

g(xy) = ay’+ fi@)y' + o’ + fao()y® + fa(a)y
deg(f1) < 1,deg(f2) <2,deg(f3) <4
Degree 6 :
g(z,y) = ay’®+by’ + fi(x)y' + e + fa(2)y® + fs(2)y
deg(f1) < 2,deg(f2) < 4,deg(f3) <4
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2 LQPs over F,

9(z,9) =" + fil@)y" + v’ + fo(2)y® + f3(2)y

defines a s LQP of deg < 6, iff one of the following is true

m g(z,y) = (y + fi(x))’,
where (2% — 1,5) = 1, deg(f1) < 2

m g(z,y) = (y + [1(2)° +aly + f1(2))° + *(y + fi(2),
where 28 = +2 (mod 5), a - arbitrary, deg(f1) = 1,
(deg(f1) <2 for k = 3)

NTNU
Norwegian Universily of
Science and Technology

www.ntnu.no



2 LQPs over F,

g9(z,y) = y° +by° + fr(@)y* + ey’ + fa(2)y® + f3(x)y

defines a s LQP of deg = 6, iff one of the following is true

u g($7y) = (y + fl(:l"))(ja
where k - odd, deg(f1) =1

w g(z,y) = p(y + f(=)
where k = 3, deg(f1

~—

1, and p is one of

and « is a root of 23 + x + 1.
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2 LQPs over F,

g(@,y) = y° +by° + fi(@)y" + cy’ + fo(@)y® + f3(2)y

defines a s LQP of deg = 6, iff one of the following is true
m g(z,y) = p(y + f(z)),
where k = 4, deg(f1) = 1, and p is one of
m p(r) =28 +2° + 23 + 3222 + Box
m p(r) =25 + 2% + Ba* + 23 + B2? + BSz
m p(a) = 2% + 20 + Bat + 2P + B8 + 13z
and S is a root of z* 4+ x + 1.

m g(z,y) = ply + f(2)),
where k = 5, deg(f1) = 1, and p(z) = 20 + 2° + 22
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2 LQPs over F,

mg(z,y) =90+ " + fil@)y* + 7 + fo(2)y? + f3(2)y,

k=3, deg(f1) =1 and
m fi(z) =0,
f2(z) = g(x + ur) (@ + u2)(z + uz)(z + ug) + 1,
fa(x) = fa(z), C =, or
m fi(x) =1,
Ja(x) = g(@ 4+ u1)(z + uz)(z + u3z) (v + ug),
f3(z) = fo(x) +1, C =0,

where o® + a + 1, and u;, g € F;k satisfy
9@ +ur)(z + uz) (2 + ug)(z +ua) +
g(@ 4 us)(x +ug)(z +ur)(x +ug) = 1+C

for every x € Fox.
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2 LQPs over F,

Case III:
Degree 4 :
9(z,y) = ay'+cy’ + fol2)y’ + fs(z)y
deg(f2),deg(fs) <2
Degree 5 :
glz,y) = ay’+ fi@)y' + ey’ + fala)y® + fa(z)y
deg(f1) < 1,deg(f2) < 2,deg(f3) <4
Degree 6 :
g(@,y) = ay’ +oy’+ file)y' + ey’ + fo(@)y’ + fa(x)y

deg(f1) < 2,deg(f2) < 4,deg(f3) <4
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2 LQPs over F,

Case III:

Degree 4 :

9(z,y) = ay' + T fo(x)y? + f3(2)y
deg(f2),deg(f3) <2

Degree 5 :
g(z,y) = ay’+ fil@)yt + PFfolx)y® + f3(z)y
deg(f1) < Ldeg(fz) < 2,d69(f3) 4

Degree 6 :

g(z,y) = ay® + by + fi(x)y +/y§/]‘z J + f3(z)y
deg(f1) < 2,deg(f2) < 4,deg(f3) <4
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2 LQPs over F,

Case III: f1, fo, f3 - linearized polynomials
deg(f1) < 2,deg(f2) < 4,deg(f3) <4

9(z,y) = f(@)y* + fo(2)y* + f3(2)y

g(x,y) is a o LQP iff 9(z.y)

has no roots in Fox, Vo € Fos.
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2 LQPs over F,

Case III: f1, fo, f3 - linearized polynomials
deg(f1) < 2,deg(f2) < 4,deg(f3) <4

9(z,y) = f(@)y* + fo(2)y* + f3(2)y

9(x,y)

g(z,y) is a o LQP iff has no roots in Fox, Vo € Fyr.

m Hard to characterize
m Many open questions
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2 LQPs over F,

Case III: f1, fo, f3 - linearized polynomials
deg(f1) < 2,deg(f2) < 4,deg(f3) <4

9(z,y) = f(@)y* + fo(2)y* + f3(2)y

g(z,y) is a o LQP iff 9(z.y) has no roots in Fox, Vo € Fyr.
)

Hard to characterize
Many open questions

Some necessary conditions
Sieving approach

Some classes excluded
Small fields feasible
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2 LQPs over F,
Sieving condition 1

Let 9(z,y) = fi(@)y* + fo(@)y? + fa(x)y

be an 3LQP. Then the following holds:
k - odd

If for a given i € {1,2,3}, fi(u) =0, u € Fox
then f;(u) = 0 for exactly one j € {1,2,3}\ {3}

k - even

filu) =0 = (falu) =0V fa(u) =0

fu) =0 = (fi(u) =0Y fo(u) =0

fa(u) =0 = (filu) =0V f3(u) =0 Yf3( ) ‘s non — cube

fl (U) NTNU
Norwegian Universily of
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Bluher polynomials

Gao & Mullen, Dobbertin,
Bluher, Helleseth & Kholosha, Charpin et al....

P,(x) = D3(z) +a, acTF
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Bluher polynomials

Gao & Mullen, Dobbertin,
Bluher, Helleseth & Kholosha, Charpin et al....

P(z)=2"+z+a, acFy
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Bluher polynomials

Gao & Mullen, Dobbertin,
Bluher, Helleseth & Kholosha, Charpin et al....

P(z)=2"+z+a, acFy

m Conditions for number of roots
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Bluher polynomials

Gao & Mullen, Dobbertin,
Bluher, Helleseth & Kholosha, Charpin et al....

P,(z)=2*+x+a, acTFy
m Conditions for number of roots

M; - the number of a s.t. P,(z) has i roots.

2k 41 2k—1_1
m k- odd: My = ; M =2 My =T

2k —1 2k=1 2
mk-even: My= 5 M, = 2k-1, Mng
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Bluher polynomials

Gao & Mullen, Dobbertin,
Bluher, Helleseth & Kholosha, Charpin et al....

P,(z)=2°+z+a, acFy
m Conditions for number of roots

m P,(x) has exactly one root iff Tr(a=' +1) =1

m P,(z) is irreducible iff:
mk-even: a =¢+4 &L, where € is a non-cube in For

k_ k_
m k- odd: a:§2 o —|—§’2 p 17 where £ is a non-cube in Fyax
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2 LQPs over F,

9(z,y) = fi@)y" + fo(2)y* + f3(z)y

Let R = {z € For[f1(x) # 0, f2(x) # 0, f3(x) # 0}
m Sieving condition 1 for z € For \ R
m For x € R,
hr(z,y) = Mm has no roots in For, Vo € R iff
Yy

) B (o)
Prle,) =y +y+ = o

has no roots in For, Vo € R.
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2 LQPs over F,

Reduce the problem to:

fi(@)(fs(x))?
(fa(2))?

Find properties of the value set of forx € R

m In general, not an easy task
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2 LQPs over F,

Reduce the problem to:

fi(@)(fs(x))?
(fa(2))?

Find properties of the value set of forx € R

m In general, not an easy task

m Sieving conditions:

7f1($)(f3($))2 x is not an
m If |VS( (f2($))3 )| (>f-zz407).;7§ 7y) t 2LQP
2(Zo _
m If Jzg € R, s.t. TT(W + 1) =1,

g(z,y) is not a ,LQP.
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Benefits from the sieving conditions

k - odd:
Degree 4: There are no sLQPs for Case III, except possibly
when fs, f3 are irreducible of degree 2.

m open for fo, f3 - irreducible

m Conjecture: There are no oLQPs of degree 4 for Case III 77?7

m Checked for small values of k
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Benefits from the sieving conditions

k - odd:
Degree 4: There are no sLQPs for Case III, except possibly
when fs, f3 are irreducible of degree 2.

m open for fo, f3 - irreducible

m Conjecture: There are no oLQPs of degree 4 for Case III 77?7

m Checked for small values of k

Degree 5: 12 different possible types for g.
m for k=3, 7 of them are sLQPs

Degree 6: 34 different possible types for g.
m for k=3, 27 of them are 2L.QPs
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Characterization of ;LQPs for k = 3

Sieving conditions + Hermite criterion = All s LQPs of Deg < 6

Degree 5:

g(x,y) defines an oLQP only if it is one of:
m f1, fa - const., deg(f3) = 4, f3 has no roots
m f) - const., fo(z) = x(x + u), fa(x) = t(fz(a:))Q
m fi - const., fo(z) = x(x + u), f3(z) = fo(x) fi(x),
deg(f4) = 2, f4 has no roots

m f) - const., deg(f2) = 2, deg(f3) = 4, f2,f3 have no roots

m fi(z) =z, folz) = ti(z +u), f3( ) = ta(fi(z) fa(2))?

m fi(x) =2z, folz) = t1z(x + u) 3(z) = t(x + u)?

= f1( ) =, fola) = ti(z +u)?, fi(2) = ta(z +u) fi(2),
deg(f3) =2, f5 has no roots
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Characterization of ;LQPs for k = 3

Degree 6:
g(z,y) defines an oLQP only if it is one of:
m f1, f3 - const., deg(f2) =4, f2 has no roots
a1 - const., fa(a) = o(z + u) fo(a), f(z) = tolz +u) fi(a),
deg(fh) = 2,deg(f5) =2, f}, f5 have no roots
m f) - const., deg(f2) =4, deg(fs) = 2,4, fa, f3 have no roots
a i - const., fo(z) = a(z + u) fo(), fale) = ta(x + u),
deg(f5) =4, f5 has no roots
u fi - const., fo(x) = 2z +u) (), fale) = t(ae +u)?,
deg(f}) =4, f4 has no roots
w fi - const., fa() = (2(e + w)?, falx) = ta(z +u) fi(a),
deg(f%) = 2, f4 has no roots
m fi - const., fo(x) = z(x + uy)(x + u2)(x + ug),
fs(z) = tf2(x) [ [

Science and Technology
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Characterization of ;LQPs for k = 3

Degree 6:
g(z,y) defines an oLQP only if it is one of:
n fl(m) =, f2($> = t1($ + ’U,)4, f3(x) = tgl‘(.%' + U)

o F1(2) = 2, fol@) = bz + ) (@), fole) = tofo+ u)*
deg(f5) =2, f has no roots

n fi(@) =z, folw) = ti(@(z +u))?, fs(@) = ta(a + u)*
 fi(z) ==, fo(r) =ti(2(z +u))?, f3(2) =tz +u)
m fi(x) = x, f3(x) = tefz(z), deg(fo) = 4, deg(f3) =3, f2, f3

have no roots

n fl(l') =, fQ(x) = t.’IZfé(.’L'), deg(fé) =3, deg(fé) =4, f27fé

have no roots

. 14 more cases ...
. and complicated if conditions ...
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Open questions and future work

m How close can we get to characterisation of
oLQPs of degree 4, 5, 6, ...7
m Closer look at the value sets of the possible rational
functions
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Open questions and future work

m How close can we get to characterisation of
oLQPs of degree 4, 5, 6, ...7
m Closer look at the value sets of the possible rational
functions

Complete characterization for degree 4
k - even

k = 3: More unified look of the long list of cases

Apply the sieving to bigger fields

m some tried - not sLQPs
m we expect “less” s LQPs
m feasibility issues
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Thank you for listening!
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