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Background

For a loop @, we define:
left and right translations of a by x aly, = xa aR, = ax
right section of Q Ro ={R« | x € Q}
right multiplication group of @ Mlt,(Q) = (Rq)
multiplication group of Q Mit(Q) = (Lx, R« | Vx € Q)
inner mapping group of Q Inn(Q) = {0 € MIt(Q)|16 = 1}

Definition

| N

A subset S of a group G is closed under conjugation if x 1yx € S for all
x,y €8S.

Defintion

| \

A loop Q is a right conjugacy closed loop (or RCC loop) if Rq is closed
under conjugation.
Note: R 'R Ry € Rg for all x,y € Q.
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Background

Proposition

For a loop @, the following are equivalent:
(1) Qis an RCC loop,

(2) The following holds for all x,y,z € Q:

Ry 'Ry R = Ry yx- (RCCy)
(3) The following holds for all x,y,z € Q:
(xy)z = (xz) - z\(yz). (RCCy)

v

Mark Greer (UNA) RCC Loops 3/20



Background

Definition

For a loop Q, a subset S of Q is a subloop if (S,-,\,/) is a loop. A

subloop N of a loop Q is a normal subloop, N < Q, if it is invariant under

Inn(Q).

v

the left nucleus of Q, N\(Q)={aceQ|a-xy=ax-yVx,yeQ}
the middle nucleus of Q, N,(Q)={ac Q|x-ay=xa-yVx,y€Q}
the right nucleus of Q,  N,(Q)={ac Q|x-ya=xy-a¥x,y € Q },
the nucleus of Q, N(Q) = NA(Q) N NL(Q) N N,(Q),

the commutant of @, C(Q)={ae Q|xa=axVx e Q},

the center of Q, Z(Q)=N(Q)N C(Q).
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Background

Proposition
Let Q be a loop. Then a € C(Q) N NA(Q) & R, € Z(Mit,(Q)).

Proposition

Let Q be a RCC loop. Then
(i) Nu(Q) = Ny(Q) 2 Q and
(i) C(Q) < NA(Q).
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Simple Right Conjugacy Closed loops

Setup

Let F,; be the finite field of order where g = p" for a prime p and some
n > 0. Take f(x) = x?> — rx + s be irreducible in F4[x]. For each b € Fy,

define
b 0
M(Ov“:(o b)

_p fB)
M s r —a .
(arb) ( a b

Note: The conjugacy class of all matrices in GL(2, g) with characteristic
polynomial f(x) is precisely the set {M(, ) | a,b € Fq} for a # 0.

and for a # 0,
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Simple Right Conjugacy Closed loops

Theorem (Hall, Artic & Hiss, G.)

Let f(x) = x?> — rx + s be irreducible in Fy[x]. Let Q@ = F%\{[O, 0]},
written as a set of row vectors. Define a binary operation of on @ by

[av b] of [C7 d] = [37 b]M(c,d)-

Then (Q, of) is a loop.
Note: In (Q, o), we have

(i) [a, b] of [c,d] = [a(r — d) + b, =29 4 bd] ¢ #0,

c

(ii) [a, b] of [c, d] = [ad, bd] c=0,
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Simple Right Conjugacy Closed loops

Elements

Let g = 3 and so the elements of (Q, o) are

{[0,1],[0,2],[1,0], [1, 1], [1, 2], 2,0], [2, 1], [2, 2]}

Conjugacy Class
Let f(x) = x? + 2x + 2, irreducible in F3.

o) () 002) G

| \

N

)G 362

o

Full Set of Matrices

o )6 26 o) G o) (2666 )

N
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Simple Right Conjugacy Closed loops

Visualizing the construction
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Simple Right Conjugacy Closed loops

Visualizing the construction

& | (%)
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Simple Right Conjugacy Closed loops

Visualizing the construction
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Simple Right Conjugacy Closed loops

Right Section

R(Qyof) = {()’ (17 2)(37 6)(47 8)(5> 7)7 (17 37 4> 77 2, 67 8> 5)7 (17 47 57 67 27 87 7> 3)7
(1’ 57 37 87 25 77 67 4)7 (17 67 77 47 25 37 57 8)7 (17 77 87 37 2’ 57 47 6)7 (17 87 67 57 27 47 37 7)}

v

Loop (Q, o)
or |1 2 3 4 5 6 7 8
1|1 2 3 4 5 6 7 8
212 1 6 8 7 3 5 4
3/]3 6 4 1 8 5 2 7
414 8 7 5 1 2 6 3
5(/5 7 1 6 3 8 4 2
6|6 3 8 2 4 7 1 5
7|7 5 2 3 6 4 8 1
88 4 5 7 2 1 3 6
Table: Multiplication Table for (Q, of)
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Simple Right Conjugacy Closed loops

Lemma (G.)
In (Q, or)
. - r—b
(i) fora#0, R [ab] =M, —(

(i) Row =1 ((1) (1))

(iii)  Ria,),lc,d) = M(a,0)M(c,ay M,

1 —
[a,blofe,d]

(ac(bc—ad+ar))

0

(V) Rias1 0,01 = Mia,o)Mio,e) M[; o, 10.6) =

1
(v) Rp.6.[c.a) = Mio.0)Mc M[o blog[e,d] —

(Vi) Ro,s0.0 = Mio,0)Mo.0y Mg 0, 10,1 = (

(S —(a?sf(d)—abcds—abcd+aber+acdr —acr® +acrs+c £ (b))
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Simple Right Conjugacy Closed loops

Theorem (Artic & Hiss, G.)
(Q,of) is an RCC loop.

Lemma

C(Q,or) ={[0,b] | Vb € Fy b# 0}. That is, the only elements of
C(Q,or) are in the set {Ry, 4 | [a,b] € C(Q,0r)}.

A\

Lemma (G.)

Let g # 3. Then C(Q,of) = N\(Q,of). If g=3 and r # 0, then
C(Q,Of) = N)\(Q,Of).
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Simple Right Conjugacy Closed loops

Note:
Let Q be a RCC-loop with N < Q and consider Ry = {Rx | x € N}. Fix
x € N and then Vy € Q, RyR«R,! = R(yx/y) € R since yx/y € N.
Hence, normal subloops of Q correspond to unions of conjugacy classes in

Note

Since normal subloops of @ correspond to unions of conjugacy classes of
matrices in GL(2, g) which are contained in R(qo,)- R(q.) itself is the
union of conjugacy classes, namely, {M, y)|a, b € Q, a, b # 0}, which has
size g> — q, and the g — 1 one-element conjugacy classes in the center of
GL(2, q). Since the order of a normal subloop of Q must divide

Ql=¢* -1

|:'
2

A\

Lemma (G.)

The only non-trivial normal subgroups of (Q, o) are C(Q, of) and
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Simple Right Conjugacy Closed loops

Let f(x) = x? — rx + s be irreducible.
(i) If r #0, then (Q,of) is simple.
(ii) If r =0, then Z(Q, or) = {[0,£1]} and (Q,o¢)/Z(Q, of) is simple.
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Isomorphism Classes

Irreducible Polynomials

q2

|
Q

For Fgq, there are irreducible polynomials (degree 2).

32-3
e g=3, = 3 and there are 3 nonisomorphic RCC loops
constructed.
42 — 4 _ .
e g=4, = 6 and there are 3 nonisomorphic RCC loops
constructed.
82 -8 . .
e g=238, = 28 and there are 10 nonisomorphic RCC loops
constructed. )
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Isomorphism Classes

Theorem

Let f(x) = x> — nx + s1 and g(x) = x? — rx + s, be irreducible in Fy[x].
Then ¢ : (Q,0f) — (Q,0g) is an isomorphism if and only if
[a, b]¢ = [a(a), a(b)] for some o € Aut(Fy).

Theorem

| A

Let p be a prime number and g = p". The number of nonisomorphic RCC

loops constructed from GL(2,q) is qu;qj + (@ mod n).
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Isomorphism Classes

Exhausted Search

e This construction gives all simple RCC loops of order < 15.
e (Artic) There are 471,995 RCC loops of order 24, with 17 simple.

e This construction gives 10 RCC loops from matrices in GL(2,5) and 3
RCC loops from matrices in GL(2,7), with 11 simple.

e The other 6 have Mltp(Q) = GL(2,3) x Ss.
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Isomorphism Classes

THANKS!
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