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MOUFANG LOOPS
A groupoid (or magma) (M, -) is just a set M with a binary operation "
A groupoid M is a quasigroup if
o L,:x—m-z, R, :x+— x-m are bijectionsof M Vm e M,
A quasigroup M is a loop if
e dece M :cec-x=x-e=x Vee M. (the identity element)
Loops are “nonassociative groups .
Convention: zy =x -y, zy-z=(x-y)-2, x-yz=x-(y-z), etc
Definition. A loop M is Moufang if it satisfies one (hence, all) of the
following Moufang identities:
e (ry-x)z=uxu(y- x2) (left)
o x(y-2y)=(zy-2)y  (right)
o xy-zx=(r-yz)T (left central)
e uy-zx=uzx(yz-x) (right central)
Moufang loops are diassociative: Vx,y € M, (x,y) is a group.
In particular, z.yx = xy.x = xyx
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e [R.Moufang, 1935| For z,y,z € M, (z,y,z)=1 = (x,y, z) is assoc.
The associator a = (x,y,z) is defined by zy-z= (z-yz)a.

e [A.Drapal, 2010] A simplified proof of Moufang's theorem.

GROUPS WITH TRIALITY
Definition. A group G is with triality if there are p,o € Aut(G) satisfying
pP=0"=(po)’ =¢
(z7'2%)(z 1z)P(z12%)" =1  Vz eG.
G is a group with triality S = (o,p) (an image of Syms).
Operation '*' on M = {z 27 |z € G}: form,n € M, set
mxn=m"Pnm "
e (M,x)=M(G) is a Moufang loop.
e Every ML has the form M(G) for some group w/triality G.
e H<< .G = MH)<MG).
e L<MG) = JHL,G: M(H)=L.
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TRIALITY ACTION OF G ON M(G)
G is a group w/triality S = (p,0), M = M(G), g € G.
e X(g9):mw g™
e Y :G — Sym(M) is a homomorphism.
Forme M, x(m?)=Ln,, x(m”)=R,, x(m)=P,=L,-1Rn-1.
o MIt(M)=(L,,,R,|meéeM) liesin Im(y).
Since p: M—MP—MP—M, o:MP+ MP, M°=M,
we have the triality ~ (no homomorphism S — Aut(MIt(G)) in general)
P, v L, = R, +— P,

Ly — R R, — L' P, +— P-L
For M with Nuc(M) =1 and G = MIt(M), this dates back to
[G. Glauberman, 1968].
Nuc(M) = {m € M | (m, M, M) = (M,m, M) = (M, M,m) =1} < M

mg° is a permutation of M.

Groups with triality generalise the classical triality on MIt(M)
for a general Moufang loop M.
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MULTIPLICATION FORMULAS
M = LN, where L, N are subloops of M.
[ing - lang = In, where [, 15,1 € L, ny,ny,n € N.
Example. [in; - long = 115 - nlfng if M is a group and N < M.
Many new (Moufang) loops are defined in a similar way.
The loop M(G) has a generic multiplication formula.
e Let G be a group w/triality S={(p, o) and [, k,n,m € M(G) then

(Ixn)x(kxm)=(Ixk)*x, (%)
where ; ; ;

g = n PR kTPl etk M(G).

e let K and V be S-subgroups of a group G w/triality. Suppose V1 G
and G=KV. Then (x) is a multiplication formula in M =M(G) w.r.t. the
decomposition M = M(K)  M(V'), where M(V) < M and [,k € M(K),
n,m € M(V).
o If M = LN with N < M, there is a group w/triality G as
above such that M(G) = M, M(K) =L, M(V) = N.
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NORMAL ABELIAN SUBLOOPS
M is a Moufang loop, =,y € M.
Define operators T, = R, L;"', L.y = L,L,L.;, D,,=L,R,L_;
e I|f N <M then N is invariant under 7}, L, ,, D,,,.
Example. In-km =1k-(nTy +m) if M = LN is a group, where
N M, N is abelian, [,k € L, n,m € N.

e Asabove, let G=KV with K and V' being S-subgroups and V< G
abelian. Then the multiplication formula in M =M(G) has the inner form

(Ixn)x(kxm) = (Ixk)*ux, r=nDy+mLyg,, (%)
where [,k € M(K), n,m € M(V) <M(G).
Problem. Does M = LN with N normal abelian admit mult. formula ()7
e A necessary condition: (M, N, N)=1. (= Dy, Li, are linear on N)

e A series of abelian-by-cyclic MLs (i.e. with N abelian,
L cyclic) of orders 3.2°, 7.2%, 3.5%, 3.7%, ... with (M, N, N) # 1.
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WREATHLIKE TRIALITY GROUPS
H is a group. T'= H x H x H is naturally a group w/triality S = (p, o).
e M(T)=H
R is a comm. assoc. ring, V' is an RH-module free of R-rank n.
o W =VH#V#V isan RT-module with natural S-action.
Problem. When is T' X W a group with triality S7
e T KW has triality S if and only if n < 2.
o Ifn=1then M(T K<W) = H. The case n = 2 is of main interest.

o let G < GLy(R) and let V' the free R-module of rank 2 with the natural
action “o" of G. Denote by G £, V the set of pairs (g,u) for g € G, u € V.
Then

(9,u) - (h,w) = (gh,uo (deth)gh™?g~" +wo[h™!, g7'])

defines a Moufang loop structure on G £, V. This Moufang loop is
isomorphic to M(T' A W), where W =V #V #V is as above.

® Dg,h < (deth)gh_2g_1, Lh,g A [h_lag_l]
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We call G K,, V the (outer) Moufang semidirect product of G and V.
e G KX, V is nonassociative iff G is nonabelian.

e Sc(G) LG K, V, where Sc(G) = {scalars of G}.

= Moufang loops G <£,, V, where G = G/ Sc(G).

The structure of GLy(gq) = existence of abelian-by-simple finite MLs:
e PSLy(q) K,,F7, where q>4isa prime power;

e A; X, F’  where p=+£l (mod 10) is prime;

o A; X, F%,  where p=+3 (mod 10) is prime.

EMBEDDING INTO O(R)

R is an associative commutative ring with 1.

The Cayley algebra O(R) is the set of Zorn matrices
( “ V), a,be R, v,wéeE R°,

w b

viewed as a free R-module (of rank 8) with multiplication
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a; vy . Gy Vo _ aq a2—|—v1 "W, a1v2—|— b2v1 _|_ 0 —W,; X W,
W, b1 w, b2 Ao W+ b1 W, Wy -V, b1 b2 VXV, 0 ’

VvV = (Ul 7U2)U3)1 W = (’lUl y W2 ,’lU3), VW = V1w t+v2w2+v3ws,

VXW:(Ugwg—Ung, V3wl —vV1wWs3, vlwg—v2w1)€R3
e O(R) is an alternative algebra. (zz-y=z- -2y, y-xT=YT 1)
e O(R)* is a Moufang loop (invertible elements of O(R) ).
The parabolic subloop P(R) < O(R)* consists of the matrices
a1 (0,a12,71)

(re,a21,0) a2 7
where (a;;) € GLy(R) and r1,72 € R.
e GILy(R)X,,R* = P(R).
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ACTION OF MOUFANG LOOPS ON ABELIAN GROUPS

R is a commut. assoc. ring, A is an alternative R-algebra
L, :aw xa, R, : a+— ax belong to GL(A) for x € A

L., = LxLyLy_a}, D,, = LnyL;;.
o Let M be a subloop of A* and U a subgroup of the additive group of A
that is invariant under the operators L,, ,, and D,,,,, for all m,n € M. Then
the set of pairs (m,u) for m € M, u € U which we denote by M U
becomes a Moufang loop w.r.t. the operation

(m,u) - (n,w) = (mn,uDy + WLy ).
We call M KU the outer semidirect product of M and U.

e Natural embeddings M — M AU and U — M KU.

e The “inner” loop action of L, ,,, Dy on U in M AU coincides
with the linear action of L, ,,, Dy, on U in A for all m,n € M.

e Sc(M)d M AU, where Sc(M) = R1N M.
= Moufang loops M £V, where M = M/ Sc(M).
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SEMIDIRECT PRODUCTS FOR SIMPLE MOUFANG LOOPS
O = O(F,) is equipped with a quadratic form ( = norm).
SL(O) < O the subloop of elements with norm 1.
M(q) = PSL(O) = SL(Q)/ Sc(SL(Q)), the simple Paige—Moufang loop over
¥,

e [M. Liebeck, 1987] Every nonassociative finite simple Moufang loop is
isomorphic to some M(q).

1+ is 7-dimensional and SL(Q)-invariant.

The following abelian-by-simple finite Moufang loops exist:

e M(q) ATF!, where ¢ is an odd prime power;
o M(q) <F¢, where ¢ is a power of 2;
e M(2) KTFJ, where p is an odd prime.

For O the classical octonions over R, we have the loop
e PSL(0) AR
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LINEAR REPRESENTATIONS OF MOUFANG LOOPS

Classification (up to equivalence) of short exact sequences of MLs
0=V -E—->M-—=1 (%)

with V' an abelian group. A finite extension E is said to be

e minimall t NI E, NCV = N=Vo N =0;

e nontrivial, it E is nonassociative and 2V x M.

Minimal nontrivial extensions for finite simple noncyclic Moufang loops:

PSLy(q) £, F7, ¢ > 4 is a prime power;

As £, F2, p= =1 (mod 10) is prime;

As A IF;, p = £3 (mod 10) is prime;

M(q) ATF7, g is an odd prime power;

M(q) A%, q is a power of 2;

M(2) K IF;, p is an odd prime;

SL(O(q)), q is an odd prime power (V = Z /27, M = M(q));

0—>7Z/27 - E — M(2) — 1.

Problem. Are these all such extensions?
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IDENTITIES IN MOUFANG LOOPS

Groups are (multiplicative) subgroups of associative algebras.

e [I. Shestakov, 2003] Not all MLs are subloops of alternative algebras.

The free (countable) group embeds into GL4(Z).
Problem. Does a free ML embed into O, where O = O(Z)?
Problem. Does a nontrivial identity hold in ©*7?

An identity is trivial if it holds in free Moufang loops (or, equivalently, follows
from the Moufang identities).

Example. Trivial identities:

o (v -yz-x)y=ay-z-xy=x(y-2x-y); (two-sided Moufang)

o 2 Y (zx-y)=xz7! 2y = (z-yz71)z;

o 2 Nzz-y)=z"lx-2y; z27loyz=(x-27'y)z;

o (z7lz-y)z =2z y2);

o (wy-2)t-y Nzt =x(y-2(t-y~'z7));
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(Computer-aided) search for identities in @ of small degree.

Sketch of the algorithm:

o W="W,,, the set of all words of degree d in n variables

e a; € (0*)", a random n-tuple of elements

e Substituting a; into all words in W we get [; distinct values
o W = W%l) U ng) J...U Wl(ll), where ng)\al Is constant

e Discard one-element sets ng) (as no identity involves such words)

e a; € (0*)", a new random n-tuple

e Substituting a, gives a finer decomposition Wf’ U Wf’ U...UW
)

(2)

lo

e ... repeat until the sets ng can no longer be refined

v, W E ng) — v = w is a candidate for an identity
Attempt to prove v = w in a free loop.

All identities can be found in this way.
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No (nontrivial) identities in O* of degree < d in n variables found for
oed=4,n=06
ed=5n=2>5
oed=6n=23

No identities of positive type found for
oed=7,n=3

An identity v = w is of positive type (or inverse-free) if both v and w involve
no negative exponents of the basis variables.

Positive-type identities in free Moufang loops:

e The Moufang identities (left, right, central)

o (r.yz.x)y = xy.z.xy = x(y.22.Y) (two-sided)

e Consequences of the diassociativity (zy.z = z.yz, etc.)

Prb. Are there other positive-type identities?
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od=8n=3

In this case, the following identities of positive type hold in O*:
b((a-c®b-a)-cb) =bla-c®b) - (a-ch)

(a®b - ¢)(a - beb) = (ab - ca) - beb

a((b-ca-b)-c*a) =a(b-ca)- (b-c*a)

ab - (cbc - a*b) = (ab - cb)(c - a®b)

ab- (c-a®b-c)b= (ab- (c-a®b)) - cb

ab- ((ac-b)-ac®) = a(b-ac-b) - ac?

a’b - (cbe - ab) = (ab - cb)(c - ab)

e [P.Vojtéchovsky, M.Kinyon] A computer proof for idens. 1-7. (Prover9)

I Al e

= These identities hold in all MLs. Are they really “new'”?

MOUFANG SEMILOOPS
“semiloop” = “groupoid”’ = "“magma’

Moufang semiloops are sometimes defined as semiloops satisfying
the Moufang identities (left,right,central).
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e A free semigrp. on X is embedded into a free grp. on X, id: X — X.

It is natural to expect a free Moufang semiloop to be the “freest” semiloop
that can be similarly embedded into a free Moufang loop.

Definition. A semiloop satisfying all identities of positive type that hold in
Moufang loops is called a Moufang semiloop.

e Moufang semiloops are diassociative,
e satisfy the Moufang identities + identities 1-7.

An identity 1-7 is new if it is not a consequence (in the variety of semiloops)
of the diassociativity + Moufang + the other 6 identities.

e This is true for identities 1,3-7. Unknown for identity 2. (Mace4)
Problem. Is the variety of Moufang semiloops finitely based?

Problem. Does every new positive-type identity contain the square
of an indeterminate?
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FREE MOUFANG LOOPS
The free Moufang loop F;, is a mysterious object. (n > 3)
Problem. No useful canonical form for elements of F,. (reduced words)
Problem. |s every subloop of F;, free? (Nielsen—Schreier)
Problem. Is Fj, torsion-free? (true for groups)
Problem. Is F,, Hopfian? (true for groups)

The associator-commutator series

Let M be a Moufang loop.
Commutator of x,y € M: zy=yx.c, c= |z,
Associator of z,y,z € M: «xy.z= (z.yz)a, a=(z,y,2)
e (M)= M,
e 0,(M) is the normal subloop of M generated by

o [H(M),&(M)], ij<n i+]j>n

o (0;(M),0;(M),0p(M)), 4,j,k<n, i+5j+k=>n

r € 6;(M)\d1 (M) — x has weighti (oo, otherwise
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The normal series
M= 6,(M) & 8y(M) & ..

is central: 0;(M)/0; 1 (M) < Z(M /i1 (M)).
The center Z(M)={ze M | [z, M| =1,(x, M, M) = 1}.

The associator-commutator approximation for F3.

e Let F' = F3. The abelian groups 0;(F")/d;11(F) fori =1,2,...,5 are free
or ranks 3, 3,9, 21,57, respectively.

cf. For a 3-generator free group, the ranks are 3, 3, 8, 18, 48.

A multiplication formula for F'/dg(F).

= (n17n27'°'7n5) — (37379721757)’
o A=7"" P72 Pp...pL"™: r e A

r = (51311, L12,X13; L21,L22, X235 « ., Ljj, - - -)7

where 1 <7 <5, 1 <7< n;.
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Forz,y € A, we have zxy=x+vy+ f,
where f = (fi1, fi2, f13; a1, -+, figo - -2,

fi; are integer-valued polynomlals N T,5,Yrs With 1 <7 <7, 1 < 5 < n,.

fi; may be expressed as multilinear polynomials in the binomial variables

® 0O

Trs,Yrs, t = 1, where we denote

Z(t) _ z(z—l)(z—tQ!)...(z—t—i—l) c Q[Z]

fii=fi2=f13=0, fo1=—=12y11, foo=—=13¥11, f23=—=13¥12,

[31=—2711713Y12—T11Y12¥Y13+2712713Y11+T12Y11Y13—3T13Y11Yy12+6T23Y11,
f32=—9612y§?)+9621y11, f33:—x§22)y11—x12y11y12+x21y12,
[34=—712%13Y11—T12Y11Y13+T21Y13—T23Y11, f35——9013y§1)+$22y11,
fae=—T13Y11Y12+T22y12+223Y11, f37——a:§3)y11—x13y11y13+a:22y13,

2 2
f38:—x131/§2)+9623y12, f39:—x§3)ylz—x13y12y13+x23y13

2
f41=—290g1)$13y12 Cvgl)ylzyls T11212Y11Y13—T11T13Y11Y12—T11Y11Y12Y13,

(2) (2) (2)

—4x12213Y{7] —3T12Y11 Y13 +T13Y 7 Y12 +2211221Y13—2211T22Y12 —L11Y12Y22

+T11Y13Y21 —3T12213Y11+2T12222Y11 —212Y11Y13+4x13T21Y11+2T13Y11Y12+- ..
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e We have (A, %) = F/is(F'), where F' = F3.

Consequence: modulo identities

o (a,b,c)® =[[a,b],c][[b,c],ad]llc,a],b] mod d4; (cf. Hall-Witt, Jacobi)
e (a,b,|a,c|) =|(a,b,c),a] mod Js; (cf. Mal'cev)
o (a",b,c) = (a,b,c)"[(a,b,c),a]™™ /2 mod 65 Vn € Z;

e (ab,c,d) = (a,c,d)(b,c,d) - [(b,c,d),a] mod J5;

e ((a,b,¢),z,y) = ((a,z,y),b,c) ((b,x,y),c,a) ((c,x,y),a,b) mod J.

(the last two identities hold in 3-generator loops only)

Open problems:
Problem. Are all quotients 9;(F3,)/0;11(F,) torsion-free, 1 =1,2,...7
Problem. Is (2, 6:;(Fn) =17
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[ISOTOPY AND TRIALITY

Definition. Loops M and L are isotopic if 3 bijections «, 3,y : M — L such
that
za-yB = (vy)y  Vr,y€ M.

e Moufang loops M and L are isotopic iff there is m € M such that
L= (M,o,,), where

T O,y =1aTm - -my Va,y € M.

e Let GG be a group with triality S = (o, p) and m € M(G). Then G is a
group with triality S,, = (o, p*mp*) whose corresponding Moufang loop M,,
has multiplication

THp Yy =axm xmy  Vr,y € M,,.

In particular, G is a group with triality for all loop-isotopes of M.
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