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ABSTRACT

This paper presents a parameterized family of equilibrium strat-
egy profiles for three-player Kuhn poker. This family illustrates
an important feature of three-player equilibrium profiles that is not
present in two-player equilibrium profiles - the ability of one player
to transfer utility to a second player at the expense of the third
player, while playing a strategy in the profile family. This fam-
ily of strategy profiles was derived analytically and the proof that
the members of this family are equilibrium profiles is an analytic
one. In addition, the problem of selecting a robust strategy from an
equilibrium profile is discussed.
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1.2.1 [Artificial Intelligence]: Applications and Expert Systems—
Games
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Keywords
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1. INTRODUCTION

Many problems that involve multiple interacting agents can be
modeled as extensive-form games. Poker has been a testbed for
studying solution techniques on extensive-form games for over 60
years. The game incorporates two features that occur frequently
in multi-agent problems, stochastic events (chance cards) and im-
perfect information (hidden cards). Poker is complex enough that
good solution strategies are usually non-obvious and include mul-
tiple types of bluffing, such as acting aggressively with weak hands
and slow-playing with strong hands.

In game theory, the most popular solution concept is the Nash
equilibrium, where an agent cannot increase utility by varying
its strategy unilaterally. The tree sizes of popular poker variants
(3 x 10" information sets for two-player limit Texas Hold’em
poker and 5 x 10'7 information sets for three-player limit Texas
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Hold’em) are too large to solve analytically. Instead, insights into
the general nature of good strategies are often discovered by study-
ing smaller poker games. Two-player Kuhn poker [9] is arguably
the most popular of these small poker games. Although the game
is complex enough that the equilibrium solutions support bluffing,
the game is small enough that Kuhn discovered all equilibrium so-
lutions analytically. These and other analytic solutions to small
games have contributed to the discovery and evaluation of many
artificial intelligence techniques. For example, Hoehn et al.[7] di-
rectly used the Kuhn poker analytical solutions to develop strong
exploitive algorithms. In addition, Ganzfried and Sandholm [4]
exploited aspects of the equilibrium structure in small games to
develop new algorithms for solving certain classes of games and
improve endgame performance in two-player limit Texas Hold’em.
Other advances have come in the areas of opponent modeling [14],
new representations and solution techniques for extensive-form
games [8], abstraction techniques [5], and general reinforcement
learning algorithms [15].

Recently, Abou Risk and Szafron [1] introduced a three-player
version of Kuhn poker to study the performance of the Counterfac-
tual Regret Minimization (CFR) [16] algorithm in games with more
than two players. While CFR is guaranteed to converge to a Nash
equilibrium in two-player zero-sum games, this guarantee does not
hold for general sum games [1, Table 2]. Despite this, Abou Risk
and Szafron found CFR to compute approximate Nash equilibria
for three-player Kuhn poker, as well as winning strategies in the
three-player Texas Hold’em events of the Annual Computer Poker
Competition [6]. No insight into the structure or behavior of these
profiles, however, was provided. From both an analytical and com-
putational standpoint, two-player games are well understood, while
three-player games remain much less understood.

In this paper, we describe a parameterized family of strategy
profiles for three-player Kuhn poker and prove that they are Nash
equilibria. These profiles exhibit an interesting behavior where one
player can transfer utility from one opponent to the other without
departing from equilibrium. To our knowledge, this is one of the
largest three-player games to be solved analytically to date. The
analytically-derived family of equilibrium strategy profiles for two-
player Kuhn poker have contributed to our deeper understanding
of Nash equilibrium profiles and solvers in two-player zero-sum
games. The discovery of parameterized families of equilibrium
strategy profiles in three-player Kuhn poker may have a similar im-
pact on research into many-player games. Our hope is that these
profiles will be useful to a variety of researchers who are studying
a wide range of problems that rely on equilibrium profiles in three
or more agent scenarios.
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Figure 1: A partial three-player Kuhn poker game tree.

2. THREE-PLAYER KUHN POKER

Three-player Kuhn poker [1] is played with a deck of 4 cards,
denoted 1, 2, 3 and 4. To begin, each player must ante one chip
into the pot so that the players have incentive to play. Play then
proceeds according to the (partial) game tree shown in Figure 1
(ignore the @ symbols for now). Chance deals each player a hand
containing a single card and at the showdown, the player with the
highest card (4 > 3 > 2 > 1) who has not folded wins all the
chips in the pot. Each edges to an immediate child node is marked
with three digits signifying the card held by each player, Pi, P>
and P3 respectively. For brevity, only 4 of the 24 different hand
combinations and the sub-nodes of the /24 node are shown.

Each player then acts in turn, starting with P;, who may check
(K) and put no additional chips in the pot, or bet (B) and put one
additional chip in the pot. If P, checked, then P> may also check or
bet. However, if P; bet, then P> may either fold (F') and abandon
any chance of winning the pot, or call (C) and put one additional
chip in the pot to match the bet. It is then P5’s turn. If no bet
has been made by either P, or P», then P3 may check or bet. If a
bet was made by either P, or P», then P3 may fold or call. If no
player bet, the showdown takes place between all three players and
the winner wins three chips. If P; bet, then there is a showdown
between P; and any players who called the bet. If no one called,
then P, wins the pot. If P; did not bet and P» bet, then after Ps
has acted, P has the opportunity to either fold or call. Then a
showdown takes place between P» and any callers. The final case
is where neither P, nor P> bet, but P3; bet. In this case, both P
and P» can fold or call in order and then the showdown takes place.

Each terminal node of Figure 1 is marked with three integer val-
ues. These values are the number of chips won or lost by Py, P> and
P respectively. For example, consider the leaf node marked a13
(this marking is explained in the following section). Each player
contributed 1 chip as an ante so the pot size was 3. Then, tracing
the path from the root down to this node, P; checked, P> bet 1 chip
to make the pot size 4 and then Ps folded. Finally, P; contributed
1 chip by calling to make the pot size 5. In the showdown between
P, and P,, P, wins since the card 2 is greater than the card 1. This
means that the utility of P; is —2, the utility of P> is5—2 = 3 and
the utility of Ps is —1.

Table 1: Betting situations in three-player Kuhn poker.

Situation P, P> Ps
1 - K KK
2 KKB B KB
3 KBF KKBF BF
4 KBC KKBC BC

3. GAME THEORY BACKGROUND

Three-player Kuhn poker is an example of an extensive-form
game [10] that contains a game tree with nodes corresponding
to histories of actions h € H and edges corresponding to ac-
tions a € A(h) available to player P(h) € N U {Chance}
(where N is the set of players). In three-player Kuhn, we have
N = { Py, P>, P3} and only one node belongs to Chance (the root).
Terminal nodes correspond to terminal histories z € Z C H that
have associated utilities u;(z) for each player P;. The utilities in
three-player Kuhn poker are simply the number of chips won or
lost at the end of the game. Non-terminal histories for P; are par-
titioned into information sets I € Z; representing the different
game states that P; cannot distinguish between. Figure 2 shows an
example of an information set (dashed box) for Ps, where all his-
tories differing only in the private cards held by the opponents are
in the same information set. The action sets A(h) must be identical
for all h € I, and we denote this set by A(I). In three-player Kuhn
poker, we have A(I) = {K, B} or A(I) = {F, C} depending on
the information set /.

A (behavioral) strategy for P;, 0, is a function that maps each
information set I € Z; to a probability distribution over A(I). A
strategy profile o is a collection of strategies o = (01, ..., o|n|),
one for each player. We let o_; refer to the strategies in o excluding
04, and u; (o) to be the expected utility for P; when players play
according to o.

In Figures 1 and 2, aj, bjx, and c;x denote the action proba-
bilities for players P, P» and Ps respectively when holding card
j and taking an aggressive action (B or C) in situation k. The
situations denote previous betting actions and are summarized in
Table 1. For example, c42 is the probability of P5 holding the 4
and taking the aggressive action C after the previous actions were
K followed by B. Since each player selects from exactly two ac-
tions everywhere in the game tree, the probability of taking the
less aggressive action (K or F))is 1 — ajk, 1 — b and 1 — ¢ji,
respectively. As there are exactly four cards and exactly four sit-
uations per player, a strategy profile o in three-player Kuhn poker
is fully defined by assigning action probabilities to the 48 indepen-
dent parameters {a;, bjk, ¢k | j, k = 1..4}. The expected utility
for P; is computed by summing the probabilities of reaching each
leaf node times the utility for P; at that leaf node. For example,
from Figure 1, the contribution of the a3 leaf node to u; would be
—2k(1 — a11)b21 (1 — caz)a1s, where k = 1/24 is the probability
of each set of hands being dealt.

The most common solution concept in games is the Nash equi-
librium first proposed by John Nash [12]. A strategy profile o is a
Nash equilibrium if no player can unilaterally deviate from o to
increase their expected utility; i.e.,

ma}xui(ai,o%) < w;(o) foralli =1,2,....|N]|.

i



Figure 2: An information set for Ps in a partial three-player
Kuhn game tree.

While computing an equilibrium of a two-player zero-sum game
can be achieved in polynomial time [8], computing a Nash equilib-
rium profile in a three-or-more-player game is hard and belongs to
the PPAD-complete class of problems [3].

4. NECESSARY PARAMETER VALUES

We now begin our analysis of deriving a family of Nash equilib-
rium profiles for three-player Kuhn poker. For a strategy parameter
T, we will denote the information set for which x;;, is relevant as
I(xjk). For example, the information set indicated by the dashed
box in Figure 2 is denoted I (ca3).

In this section, we provide necessary values for 21 of the 48 strat-
egy parameters needed for a strategy profile to be in equilibrium,
provided the parameters are “reached:”

DEFINITION 1. Given a strategy profile o, xji is a reached
strategy parameter if the probability w°(I(x ;1)) of reaching its
information set I (x ;1 ), when the players play according to strategy
profile o, is non-zero. If a strategy parameter is not reached in a
strategy profile, it is called a non-reached strategy parameter.

For example, consider the strategy parameter cs3 in three-player
Kuhn poker. From Figure 2, the probability of reaching I(c43) is:

77 (I(caz)) = k[a11(1 — ba22) + a11(1 — bz2) + a21(1 — b12)

+az1(1 — b32) + az1 (1l — bi2) + az1 (1 — ba2)] .
(1)

In any strategy profile for which this expression is zero, ca3 is a
non-reached strategy parameter. Intuitively, if an information set
is never reached when playing according to a strategy profile, then
the part of the strategy at that information set is not important, since
that part of the strategy will never be used.

Table 2 defines values for 21 strategy parameters that, if reached,
must be assigned the corresponding value for a profile to be in equi-
librium. Intuitively, these values ensure that trivial, dominated er-
rors are necessarily avoided by an equilibrium profile. For exam-
ple, a1z = a1z = a14 = 0 means that P; should never call a bet
when holding the lowest card since it is a guaranteed loss for P;
in a showdown. Also, a24 = 0 insists that P, never calls with the
second lowest card when faced with a bet and a call from the oppo-
nents, as now at least one opponent is guaranteed to have a higher
card in the showdown. Furthermore, a42 = a43 = a44 = 1 means
that P; should always call any bet when holding the highest card
since it is a guaranteed win for P; in a showdown. Similar argu-
ments hold for P, and Ps5’s necessary strategy parameter values.

Table 2: The 21 necessary strategy parameter values in three-

player Kuhn poker.
P P> P3
a2 = aiz = bi2 = b1z = Ci2 = C13 =
a14a = a2 =0 bia =b24=0 cl1a =c24 =0
42 = Q43 = biz = baz = Ci2 = C43 =
asgs =1 bas =1 cag =1

THEOREM 1. P (P», P3) cannot gain utility by unilaterally
changing any of the seven ajj, (seven bji, seven cji) parameters
shown in Table 2 from the given values. Every equilibrium strategy
profile of three- player Kuhn poker has the parameter values listed
in Table 2 unless a parameter is a non-reached strategy parameter
in the equilibrium profile.

The proof of Theorem 1 can be found in the Appendix at the end
of the paper. All the nodes that appear in Figure 1, but can never
be reached if no player plays a strategy that violates the constraints
of Table 2, are marked with a @ in Figure 1. Naturally, child nodes
of a marked node cannot be reached either if no player violates the
constraints in Table 2. Note, however, that reached nodes in Figure
1 will differ according to the private cards that are dealt. Theorem 1
leaves 27 independent parameters to consider for equilibrium strat-
egy profiles.

S. A PARAMETERIZED FAMILY OF
EQUILIBRIUM PROFILES

Table 2 and Table 3 together, define a family of parameterized
equilibrium strategy profiles for three-player Kuhn poker. The pa-
rameters listed in Table 3 were discovered through careful exam-
ination of a set of solutions produced by a Monte Carlo sampling
variant of Counterfactual Regret Minimization [11] with different
random seeds. There are actually three sub-families of equilibrium
profiles defined by: c11 = 0, ¢11 = 1/2and 0 < ¢11 < 1/2.

The c11 = 0 sub-family is the simplest of the three sub-families.
There are four independent parameters, b11, b21, bs2 and c33, so
the parameter space is a 4-dimensional convex volume. The ranges
of the four independent parameters are: bo1 < 1/4, b11 < bo1,
b3z < (24 3b11 + 4bo1)/4,and 1/2 — bza < ¢33 < 1/2 — bga +
(3b11 + 4b21) /4. The dependent parameters have values, baz = 0,
b3z = (1 + b11 + 2621)/2, ba1 = 2b11 + 2ba1, and c21 = 1/2.
As shown in Table 3, the utilities depend only on 5 = bo1. Figure
3 shows a graphical representation for the domains of b1, b21 and
bs2. The valid domains form the interior of the volume. Figure 4
shows a graphical representation for the domains of b11, b21 and
css for three values of bsz. For b3z = 7/8, the domains form a
very small polyhedron with ¢33 in the interval [0,1/16 = 0.0625]
when b11 = b21 = 1/4. For the largest value of b3 = 15/16, the
polyhedron reduces to a single point, b11 = b1 = 1/4, ¢33 = 0
(not shown in Figure 4).

The 0 < c11 < 1/2 sub-family is the next simplest. There are
four independent parameters, b11, bs2, ci11 and ¢33, so the param-
eter space is a convex 4-dimensional volume. The ranges of the
four independent parameters are: b1 < 1/4, bga < (2 + 7b11)/4,
c11 < 1/2 when by < 1/6 and c11 < (2 — b11)/(3+4b11) when
1/6 < b11 S 1/4, and 1/2 — b32 S C33 S 1/2 — b32 + 7b11/4
The dependent parameters have values, ba1 = bi1, b2g = O,



Table 3: Parameter values and utilities for a three-player Kuhn
family of equilibrium profiles, where 3 = max{b11, b21} and
K = 1/24 is the probability of each set of hands.

Pl P2 P3
bll S b21 ifC11 = 0 C11 S min{%, (2—
all = 0
by < Fifenn #0 b11)/(3+2b11+2b21)}
ba1 < i ifcir =0
a1 =0 b21 = b11 if C21 = % — C11
O0<ecnn < %
ba1 <
min{bn, % — 2b11} if
1
C11 = 3
a2 =0 bao =0 c2 =0
az3 =0 bos < max{O, (bu — co3 =0
b21)/2(1 — b21)}
az1 =0 b31=0 c31 =0
az2 =0 b3a < c32 =0
1430 +ba)+2
ass = 3 bss = 5 + 3(bu1 + 3—bs2<csz <3 —
bo1)+ 5 —bas(1—ba1) | bsa+ 3 (b11+bar)+ 5
azs =0 b3s =0 0<ec3 <1
as1 =0 ba1r = 2b11 + 2b2 ca1 =1
U = —HK
L uz = —k(3) us = k(1 + B)
(z+8)

b3z = (1 —+ 3b11)/2, bs1 = 4by1, and ¢ = 1/2 — c¢11. The
utilities depend only on 3 = b11. Figure 5 shows a graphical rep-
resentation for the domains of b11, bs2 and cs3. Figure 6 shows the
b11 and c11 domains.

The ¢11 = 1/2 sub-family is the most complex. There are five
independent parameters, b11, ba1, b23, b3z and ¢33, so the parameter
space is a convex 5-dimensional volume. The ranges of the five
independent parameters are: bi; < 1/4, ba1 < b1 when b1y <
1/6 and b21 S 1/2 — 2b11 when 1/6 S b11 S 1/4, b23 S (b11 —
bgl)/Q(l — b21), b3s < (2 + 4b11 + 3b21)/4, and 1/2 — b3o <
cs3 < 1/2 — bza + (4b11 + 3b21)/4. The dependent parameters
have values b3z = (1 4 bi1 + 2b21)/2, bax = 2b11 + 2b21, and
c21 = 0. The utilities depend only on S = b11. Figure 7 shows the
domains of bi1, b1, b23, and bs2. By symmetry, Figure 4 shows
the domains of b11, ba1, and ¢33 for three values of b3z, except that
the b11 and b1 axes in Figure 4 must be swapped to switch from
the c¢11 = 0 sub-family to the ¢11 = 1/2 sub-family.

All of these equilibrium strategy profiles share some common
features. First, the utility of P> is fixed and negative. Second the
utility of P; is always less than or equal to P»’s utility. Third, P»
completely controls an amount of utility, (3, that can be transferred
from P, to P3; by changing a single strategy parameter. If Ps plays
the c11 = O strategy, the parameter is b2;. Otherwise, it is bi1. In
either case, P can transfer the maximum utility by playing b1 =
b1 = 1/4 and transfer the minimum utility by playing b1 =
b21 = 0. In the entire family of equilibrium profiles, P; always
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Figure 3: Sub-family c11 = O domains for parameters b1,
b21 and b32.
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checks as the first action (a11 = a21 = a31 = aq1 = 0). If P
then bets with a weak card (1 or 2), the uncertainty translates to a
positive outcome for P; at the expense of P;.

We summarize the main result of this paper in the following the-
orem. The proof is in the Appendix.

THEOREM 2. The strategy profiles defined by the parameter
values and constraints shown in Table 2 and Table 3 comprise equi-
librium strategy profiles for three-player Kuhn poker.

6. EQUILIBRIUM SELECTION

While in two-person zero-sum games equilibrium strategies are
fully interchangeable without changing the payoff of the game, this
is not the case in multi-player and non-zero-sum games [12]. If
all players switch from one equilibrium profile to another, the pay-
off for each player can change. If players are playing strategies
from different equilibrium profiles, the combined strategies do not
necessarily form an equilibrium profile. This problem arises in the
three-player Kuhn poker equilibrium profiles that we derived. For
example, consider the three-player Kuhn non-equilibrium strategy
profile defined by the parameter values listed in Table 2 and Ta-
ble 4. Here, P> has chosen a strategy from the c11 = 1/2 sub-
family of Table 3. However, P is playing a c11 = 0 strategy. This
combination of strategies results in a profile where P->’s utility is
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—k(1/2 4+ B), which is x3 less than what P> earns in the equilib-
rium profile families. Note that this resulting profile is not a Nash
equilibrium since P» can unilaterally deviate to a strategy in the
c11 = 0 sub-family and gain 0 in utility.

This example shows that some strategies from equilibrium pro-
files may not guarantee their equilibrium value, even when the other
players are also following strategies from other equilibrium pro-
files. However, some strategies from Table 3 are more robust than
others. We now prescribe strategies for each player that guaran-
tee the best worst-case payoff, assuming that all players must play
some strategy listed in Table 2 and Table 3.

First off, P; has no free parameters in Table 3, and so P ’s strat-
egy o1 is fixed. Recall that P never bets with any card to begin the
game as a11 = a21 = az1 = a41 = 0. This, in particular, makes
c33 a non-reached strategy parameter, and thus Ps’s choice for c33
is irrelevant when computing players’ utilities.

Secondly, for P», since every profile in Table 3 gives us =
—k/2, P>’s best worst-case payoff is at most —x/2. P can
guarantee this payoff by picking any strategy o2 from Table 3
where b11 = b21. This is because from (4), the partial deriva-
tive of uo with respect to P3’s remaining free parameter, ci1, is
Ouz /Oc11 = K[8ba3(1 — b21)]/2 > 0, and thus us is minimized
when Ps chooses any strategy o3 from Table 3 with ¢11 = 0. How-
ever, one can easily check that (o1, 02, 03) is an equilibrium profile
from Table 3 (except possibly at the non-reached parameter c33),
and so uz = —K/2.

Thirdly, P3 can guarantee a best worst-case payoff of at most
k. This is because any equilibrium profile from Table 3 where P»
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Table 4: Parameter values and utilities for a three-player Kuhn
non-equilibrium strategy profile, where each player is playing
a strategy from a different equilibrium profile. Again, x =
1/24 is the probability of each set of hands.

P P P3
a1 =0 [3:b11:% c11 =0
a1 =0 b1 =0 czlzé
as =0 ba2 =0 c22 =0
azs =0 bos = 3 c23 =0
as1 =0 b31 =0 c31 =0
ase =0 bs2 =0 c32 =0
‘133:% b33:% 033:i
azs =0 b3y =0 c3a =0
as1 =0 b41:% ca1 =1

u1 = —k(3) | u2 = —k(3 +B) | us = s(1 + P)

chooses B = 0 gives us = k. Pz can guarantee this payoff by
picking any strategy o3 from Table 3 where c11 = 0. This is be-
cause the partial derivatives of uz with respect to each of P»’s free
parameters are all at least zero, as one can easily check from (3).
Thus, P, minimizes P5’s payoff by selecting the strategy o5 from
Table 3 where b11 = b21 = b23 = b32 = 0. Finally, (0’1,0’5,0’3)
is an equilibrium profile from Table 3 (except possibly at c33) with
£ =0, and so uz = k.

In summary, when all players are playing some strategy from
Table 2 and Table 3, to guarantee the best worst-case payoffs, P;’s
parameters are fixed, P> should choose any strategy with b11 = b21
and P3 should choose c11 = 0.

7. RELATED WORK

As one might expect, the parameterized family of equilibrium
profiles for three-player Kuhn poker found here are quite complex
compared to those for two-player Kuhn poker. In contrast, the two-
player family of equilibrium profiles have just one free parameter
~ € [0, 1] that defines the probability of the first player betting with
the highest card. The choice of this parameter then fixes the first



player’s other action probabilities. Much like P; in three-player
Kuhn poker, the second player has no free strategy parameters.

We are not the first to solve a three-player game analytically.
Nash and Shapley [13] find equilibrium profiles (which they call
equilibrium points) for a three-player game where there are two
kinds of cards High and Low in the deck. However, the game differs
in two fundamental ways from real poker games, one is that the
cards are sampled with replacement and the other is that the antes
are returned if no one bets. The first factor is significant since it
reduces the inferences that can be made by the players about what
cards the opponents hold. In addition, Chen and Ankenman [2,
Example 29.2] construct an end-game scenario of a three-player
poker game and discuss the equilibrium profiles that arise. In fact,
their example was construed so that one player could transfer utility
between the two opponents while remaining in equilibrium, much
like P» can in the three-player Kuhn profiles that we derive. Our
results show that this interesting behavior can arise naturally and
unintentionally in real games.

8. CONCLUSION

This paper has analytically derived a family of Nash equilibrium
profiles for three-player Kuhn poker. To our knowledge, this is the
largest game with more than two players to be solved analytically
to date. It remains open as to whether there exist other three-player
Kuhn equilibrium profiles that do not belong to this family.

The equilibrium profiles exhibit an interesting property where P
can shift utility between P; and Ps by adjusting a free parameter
[, all while staying in equilibrium. We hope that the profiles pre-
sented here for three-player Kuhn poker provide future insights into
behaviors in other environments involving more than two agents.
In addition, these analytical solutions should enable research about
learning in two-player Kuhn poker to be extended to three players.

Acknowledgments

We would like to thank an anonymous reviewer who suggested sev-
eral improvements for the final version of this paper. We would also
like to thank the members of the Computer Poker Research Group
at the University of Alberta for helpful conversations pertaining to
this research. This research was supported by NSERC, Alberta In-
novates — Technology Futures and the use of computing resources
provided by WestGrid and Compute Canada.

9. REFERENCES

[1] N. Abou Risk and D. Szafron. Using counterfactual regret
minimization to create competitive multiplayer poker agents.
In AAMAS, pages 159-166, 2010.

[2] B. Chen and J. Ankenman. The Mathematics of Poker.
ConJelCo LLC, 2006.

[3] C. Daskalakis and C. H. Papadimitriou. Three-player games
are hard. Electronic Collogquium on Computational
Complexity (ECCC), (TR05-139), 2005.

[4] S. Ganzfried and T. Sandholm. Computing equilibria by
incorporating qualitative models. In AAMAS, pages 183-190,
2010.

[5] A. Gilpin and T. Sandholm. Lossless abstraction of imperfect
information games. Journal of the ACM, 54(5):1-32, 2007.

[6] C.Hamilton. AAAI third annual computer poker
competition. Al Magazine - AAAI News, 29(1), 2008.

[7] B. Hoehn, F. Southey, R. Holte, and V. Bulitko. Effective
short-term opponent exploitation in simplified poker. In
AAAI pages 783-788, 2005.

[8] D. Koller and A. Pfeffer. Representations and solutions for
game-theoretic problems. Artificial Intelligence,
94(1):167-215, 1997.

[9] H. Kuhn. Simplified two-person poker. In H. Kuhn and
A. Tucker, editors, Contributions to the Theory of Games,
volume 1, pages 97-103. Princeton University Press, 1950.

[10] H. W. Kuhn. Extensive games and the problem of
information. Contributions to the Theory of Games,
2:193-216, 1953.

[11] M. Lanctot, K. Waugh, M. Zinkevich, and M. Bowling.
Monte Carlo sampling for regret minimization in extensive
games. In NIPS-22, pages 1078-1086, 2009.

[12] J. Nash. Equilibrium points in n-person games. National
Academy of Sciences, 36:48-49, 1950.

[13] J. Nash and L. Shapley. A simple three-person poker game.
In Contributions to the Theory of Games, volume 1, pages
105-116. Princeton University Press, 1950.

[14] F. Southey, M. Bowling, B. Larson, C. Piccione, N. Burch,
D. Billings, and C. Rayner. Bayes’ bluff: Opponent
modelling in poker. In UAI, pages 550-558, 2005.

[15] J. Veness, K. S. Ng, M. Hutter, W. Uther, and D. Silver. A
Monte-Carlo AIXI approximation. Journal of Artificial
Intelligence Research, 40:95-142, 2011.

[16] M. Zinkevich, M. Johanson, M. Bowling, and C. Piccione.
Regret minimization in games with incomplete information.
In NIPS-20, pages 905-912, 2008.

Appendix

In this appendix, we prove Theorems 1 and 2. Much of the proofs
make repeated use of the following lemma:

LEMMA 1. Let x be a, b or ¢, when i = 1,2 or 3 respectively.
Then P; cannot gain utility by unilaterally changing the value of
x;k if and only if one of the following is true: 1) xj, = 0 and
Ou;/0zji < 0, or 2) xjr = 1 and Ju;/Ozji > 0o0r3)0 <
zj, < 1and Ou; [0z, = 0.

PROOF. Since u; is linear in each x %, u; = Yz, + z for some
Y, 2. Also, x; is a probability so either 1) x5 = 0, 0r2) x5 = 1
or3)0 <z < 1.

Case 1) Assume x5, = 0.

(Forward proof): Assume du;/0z,r < 0, then y < 0. Assume
P; unilaterally changes the value of x; so that 7, > 0. Then, the
new utility, u; = ya%, + 2z < y(0) 4 2z (since y < O and ), > 0)
=yz;r + 2z (since zj, = 0 ) = u;. Therefore, when P; unilaterally
changes the value of ;. from zero, the new utility cannot increase.

(Backward proof): Instead assume that P; cannot gain utility by
unilaterally changing the value of z 5. Theny < 00 du;/9z ;i <
0.

The proofs for the other two cases are similar. [

PROOF. (of Theorem 1). Here is a proof for c43. The other 20
proofs are similar.

Ouz/0caz = 4rk [a11 (1 — b22) + a11(1 — baz) 4+ a21(1 — bi2)

+a21 (1 — bz2) + az1(1 — bi2) + az1 (1 — b22)] > 0.
2

(Forward direction): First assume c43 = 1, then from (2), Ps
cannot gain utility by unilaterally changing c43.

(Backward direction): Instead assume P3 cannot gain utility by
unilaterally changing c43. Assume cs3 # 1. Then by Lemma
1 Qus/dcas < 0, but we have shown dus/dcaz > 0. There-
fore Qus/dcas = 0. However, from (1) and (2), dus/Jcaz =



477 (1(cas3)). Therefore either c43 = 1 by contradiction or c43 is a
non-reached parameter. [

We will now prove Theorem 2 according to the following out-
line. We first compute the general utilities of each player w1, us
and u3 from the extensive-form game tree as a function of the 48
independent parameters. The expressions for ui, u2 and usz con-
tain 333, 457 and 457 terms respectively. We then use Table 2 to set
21 of these parameters, leaving 27 independent parameters. From
Theorem 1, P; (for ¢ = 1, 2, 3) cannot gain utility by changing the
appropriate values from Table 2. The expressions for w1, uz and
uz now contain 134, 158 and 167 terms respectively. Next, we set
the parameters in Table 3 for P and P», but do not set parameters
for P3 from Table 3. The utility for P is:

uz = K [4c11b21bas — c31b21b23 — bin — b2y — 4esz1 4 2ea

+ 2c11 + 2b2scar + 2bzzcar — baiczz — biicszz — biica

— 4co1b3z — 4c11bas + ca1bas — 4er1bas + Sbaican

+ 2b11co1 + 4baicar + Sbiicar + 4biicin + 2b21c11

—4bg1ca2 — 2barbazcar] . (3
For the family of strategy profiles defined by Table 2 and Table 3
to be an equilibrium strategy profile, it is necessary to show that
changing the parameter values of P3 from the values listed in Table
3 cannot increase u3. Similarly it is also necessary to show that the
value of uz computed by setting the parameters for P; and Ps from
Table 3 (but not P»’s parameters) cannot be increased by changing
the values of P, from the values listed in Table 3, where:

Uz = g [4b21b23 + b31b3a — 1 — bbzy — 4ba3z — bag
—8c11b21b23 + 8c11bas] . “4)

Finally, it is necessary to show the analogous result P;, where
K
=g [—1 — 4as1b21ase + 8bi1ci1asze + 6azibiicin — 2a41

+4a11 — 4azz + 4az1 + 4as1bz2 — 8ai1b32 — 8az1bsz

— 6azibaic11 — 8ai1cas — 8azicas + 4ciibiiaze

— 2b21a34 — 2b11021022 + 8a21b21a23 + 4asicaz — 2021

—5a31 — as2 + 2b11a31a34 + 2b21a31034 — 8b21a23

— 3b11a41 + az1aszz + 2b11a22 + 4ba1aszz — 4baras

+ 6ci1a22 — 6eriazzazt + 2ci1beiaar — 2biiasicn

—4ciibiiaziazz — 4ciiazibaiazz — 2bi1asa — 4biicin

+ 4bz1c11 + 4azia22 — 8azibiiciiasz + 8azibaiciiasz

—8baic11a32 + 4eribaraze + 3azibin + 6asibai] . ()
However, showing all these 3 necessary conditions is also sufficient

based on the definition of equilibrium profiles. To prove Theorem
2, we divide the proof into four lemmas.

LEMMA 2. The P> constraints in Table 3 imply that b11 < 1/4
and by < 1/4.

PROOF. One can easily verify the lemma by checking all three
cases forci1 = 0,0 < c11 < 1/2,and i1 =1/2. O
LEMMA 3. Ps cannot increase us by changing the parameter

values listed in Table 2 and Table 3.

PROOF. We use (3) to compute the partial derivative of us with
respect to each of the listed P3 parameters. Recall that all parame-
ters are probabilities in the range [0, 1].

311,3/6623, BU3/8C33, BU3/8034 =0

= P3 cannot change c23, €33 Or ¢34 to increase us.
au:;/aCQQ = Ii(*bu — 4b21) S 0
= P5 cannot change c22 from O to increase us.
Ous/Ocsz = K(—bi1 — b21) <0
= P3 cannot change c32 from 0 to increase us.

Ousz/0cs1 = K(—4 + 5b11 + 5bar + bag — ba1bas)
< K(—4 =+ 5/4 + 5/4 +1- bzlbzg) by Lemma 2
H(—l/Q — b21b23) <0

= P3 cannot change c3; from O to increase us.
Ouz/dca1 = K(2b33 + 2b23(1 — 2b21)) > 0
= P5 cannot change c4; from 1 to increase us.
Ouz/dca1 = k(2 + 2b11 + 4ba1 — 4bs3)
= K[24 2b11 + 4b21 — 4(1/2 + (b11 + b21)/2

+ 8/2 — bas(1 — b21))] by Table 3 bss constraint
= K(2b21 — Qﬂ + 4b23(1 — bzl)).

Ouzs/0c11 = (2 4 4b11 + 2b21 — 4b2z(1 — b21) — 4ba3)
= I{[Q + 4b11 + 2bo1 — 4b23(1 — b21) — 4(1/2
+ (b11 + b21)/2 + 8/2 — bag(1 — b21))]
by Table 3 b33 constraint
= k(2b11 — 20).

The rest of the proof depends on the family constraints.
If c11 = 0, then from the b11 entry of Table 3, b11 < ba1, so the
b3 entry of Table 3 yields bas = 0 and 8 = ba;. Therefore,

Ouz/dca1 = K(2b21 — 2b21 +4(0)(1 — b21)) =0
= P5 cannot change c2; to increase us.
8U3/8011 = K(2b11 — 2b21) S 0

= P3 cannot change c11 from 0 to increase us.

If c11 = 1/2, then from the b2y entry of Table 3, ba1 < b11, SO
the b3 entry of Table 3 yields baz < (b11 — b21)/(2(1 — b21)) and
3 = b11. Therefore,

8u3/8cz1 < H(2b21 — 2b11 + 4(1/2)(b11 - bzl)) =0
= P5 cannot change c21 from O to increase us.
8113/8011 = K(2b11 — 2[)11) =0

= P3 cannot change c11 to increase us.

If 0 < c11 < 1/2, then from the b2y entry of Table 3, ba1 = bi1,
so the ba3 entry of Table 3 yields b3 = 0 and 8 = b1 = bos.
Therefore,

8113/8021 = 5(21)21 - 2621 + 4(0)(1 - bzl)) =0
= P3 cannot change c2; to increase us.
8u3/8c11 = H(an — 2b11) = 0

= P5 cannot change c11 to increase uz. [

LEMMA 4. P» cannot increase uz by changing the parameter
values listed in Table 2 and Table 3.



PROOF. We use (4) to compute the partial derivative of up with
respect to each of the listed P parameters.

Ouz/Ob11, Qua /Obaz, Qus /Obsa, Dusz /Dbss, Ouz/Obar = 0
= P, cannot change b11, b2a, b3a, b3z or bsy to increase us.
Oug /Obs1 = k(=5 + b3s)/2 <0
= P, cannot change b3; from 0 to increase uo.
Oug /Obss = K(—1+b31)/2 <0
= P> cannot change b34 from O to increase us.

6U2/8b23 = 2,‘1(1 — b21)(1 — 2011).

auz/abzl = 2Iib23(1 — 2011).

The rest of the proof depends on the sub-family constraints.
If ¢c11 = 0, then

611/2/8()23 = —2,‘6(1 - b21) S 0

= P> cannot change b23 from 0 to increase uz. Therefore, we can
assume ba3 = 0.

8UQ/8b21 = 2%1)23 = 0

= P> cannot change b2; to increase us.
If c11 = 1/2, then

8UQ/8523 = 8U2/8b21 = 0

= P, cannot change b23 or b to increase us.
If 0 < c11 < 1/2, then

a’lLQ/abgg = 72&(1 — b21)(1 — 2C11) S 0

= P cannot change b23 from 0 to increase uz. Therefore, we can
assume bz = 0.

8u2/8b21 = 2:‘1(0)(1 — 2011) =0
= P, cannot change b2; to increase uz. [

LEMMA 5. Pi cannot increase uy by changing the parameter
values listed in Table 2 and Table 3.

PROOF. We use (5) to compute the partial derivative of u; with
respect to each of the | parameters.

Ou1/dass =0
= P cannot change as3 to increase u;.
Oui/Dazs = 4k(—1+ a21)b21 <0
= Py cannot change a23 from O to increase u;. Assume az3 = 0.
Ouy /Oazs = k(—1 4 az1)(bir +b21) <0
= Py cannot change a34 from O to increase u;.
Ouy/0a1r = k(2 — 4bsz — 4ess) <0

by Table 3 constraint 1/2 — bga < ¢33 = P; cannot change a11
from O to increase u1.

Oui1/0azz = k(1 — a21)(b11 + 2(b11 + ba1)c1n +3c11 —2) <0

by Table 3 constraint c11 < (2 — b11)/(3 + 2(b11 + b21)) = P1
cannot change az2 from 0 to increase ui. So, assume az2 = 0.

Oui /Oaz1 = k(2 — 4bza — 4cs3 + 2a22 + 4azzba1 — azzbin

— 2a22(b11 + b21)c11 — 3azz2c11)

= I€(2 — 4b32 — 4633) since a2 = a23 = 0
< 0 by Table 3 constraint 1/2 — bz < ca3

= P cannot change a2 from O to increase u;. Therefore, we can
assume az1 = 0.

8u1/8a32 = Ii(l — agl)(—l + 4bo1 + 8611(b11 — bgl))/Q.

Ou1/0asr = K(—2c11 (b1 — ba1) — 2 — 4ba1 — 3b11 + 4b32
+ 4cs3)/2
< k[—2c11(b11 — ba1) — 2 — 4ba1 — 3b11 + 4bs2
+ (2 — 4bs2 + 3(b11 + b21) + B)]/2 by Table 3
constraint ¢33 < 1/2 — baz + 3(b11 + b21)/4 + B/4
= k(—2c11(b11 — b21) — b21 + B)/2.

The next part of the proof depends on the sub-family constraints.
If ¢11 = 0, then

8U1/8a32 = li(l — a31)(—1 + 4bo1 + 8(0)(()11 — b21))/2 <0

since ba; < 1/4 by Lemma 2 = P; cannot change a3z from 0 to

increase u1. From the b1 entry of Table 3, b11 < b21, S0 3 = ba1.
8u1/8a41 S K(—Q(O)(bll — b21) - b21 + b21)/2 =0

= P cannot change a4 from O to increase u;.
Ifci1 = 1/2, then
8u1/8a32 = Ii(l - a31)(71 + 4b21 + 8(1/2)(b11 - bgl))/Q
= li(l — a31)(71 + 4b11)/2
< O'since b1; < 1/4 from Lemma 2

= Py cannot change a3z from O to increase w1 . From the b2; entry
of Table 3, ba1 < b11, S0 3 = b11. Therefore,

811,1/8(141 S H(—Q(l/Q)(bu - b21) - b21 + b11)/2 =0

= P cannot change a4 from O to increase u;.
IfOo<enn < 1/2, then from the b2y entry of Table 3, b1 = b11.
Therefore,

811,1/8@32 = H(l — a31)(—1 +4b21)/2 <0

since ba1 < 1/4 by Lemma 2 = P; cannot change as2 from 0
to increase u;1. From the b entry of Table 3, b1 = b11 and so
B = b11.
Ouy/0as1 < k(—2c11(b11 — b21) — b21 +b11)/2 =10
= P cannot change a4 from O to increase u;.
Now that we have shown az2 = a41 = 0, we can assume azs =
0 and complete the proof by showing that a3z, = 0.
Ou1/Baz1 = Kk[—5 + 8asza(ba1 — bi1)c11 + 2aza(bi1 + ba1) + 3b11
+ 6b21 + azz + 6b11c11 — 6ba1ci1 — 4aszbar]/2
= k(=5 + 3b11 + 6b21 + 6b11c11 — 6ba1c11)/2
since asz2 = a34 = 0
< k(=5+3(1/4) +6(1/4) +6(1/4)(1/2) — 0)/2
by Table 3 constraint c11 < 1/2 and by Lemma 2
=k(-2)/2<0
= P cannot change a3; from O to increase u;. [

PROOF. (of Theorem 2). From Theorem 1 and Lemmas 3, 4 and
5, no individual player can increase utility by unilaterally varying
their strategy from the profiles listed in Table 2 and Table 3. There-
fore, by the definition of Nash equilibrium, Table 2 and Table 3
define a family of Nash equilibrium profiles. [



