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Positive-definite functions

G — alocally compact group

Definition (Godement, 1948)

A continuous function x : G — C is positive definite if

-1 . . .
(x(s, sj))m,jsn is positive in M, whenever sq,...,s, € G.

Such x is always bounded. In fact, ||x|]| = x(e).
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Positive-definite functions

G — alocally compact group

Definition (Godement, 1948)

A continuous function x : G — C is positive definite if

-1 . . .
(x(s,. s,-))m,jsn is positive in M, whenever sq,...,s, € G.

Such x is always bounded. In fact, ||x|]| = x(e).

@ Any character of G is positive definite.

Forg: G — C,let g(s) :=g(s™).
@ If g € L%(G) then g = § is positive definite.
© x is positive definite < X is positive definite.
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Positive-definite functions

Theorem (Bochner, Weil, Godement, De Canniere—Haagerup)
Let x : G — C be continuous and bounded. Then TFAE:
@ x is positive definite;
Q (x,f*+fy> 0 foreachf e L'(G), where f(s) := f(s~)A(s™");
© There is a continuous unitary rep m of G on H,; and & € H, s.t.

x(9) =(n(g)&, &)  (VgeG);

Equivalently, it is (identified with) a positive element of B(G);

Q x is a completely positive multiplier of A(G).

@ A(G) := VN(G). (the Fourier algebra), realized in Cyo(G) as

{f+g:f,gel?G)).

: * (the Fourier—Stieltjes algebra), realized in Cp,(G).
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A group as a quantum group

G — alocally compact group.
@ A von Neumann algebra: L*(G)
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A group as a quantum group

G — alocally compact group.
@ A von Neumann algebra: L*(G)

© Co-multiplication: the -homomorphism
A:L®(G) - L®(G)® L*(G) = L*(G x G) defined by

(A(D)(L,s) == f(ts)  (feL™(G)).

By associativity, we have (A ® id)A = (id ® A)A.
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A group as a quantum group

G — alocally compact group.
@ A von Neumann algebra: L*(G)

© Co-multiplication: the -homomorphism
A L¥(G) = L*(G)® L*(G) = L*(G x G) defined by

(A(D)(L,s) == f(ts)  (feL™(G)).

By associativity, we have (A ® id)A = (id ® A)A.

© Left and right Haar measures. View them as n.s.f. weights
9. L2(G)+ — [0,00] by @(F) := [, f(t) dte, (f) = [ (1) dtr.
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Locally compact quantum groups
Lack of Pontryagin duality for non-Abelian |.c. groups. \
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Locally compact quantum groups
Lack of Pontryagin duality for non-Abelian |.c. groups.

Definition (Kustermans & Vaes, 2000)
A locally compact quantum group is a pair G = (M, A) such that:

@ Mis a von Neumann algebra

Q A: M- M®Mis aco-multiplication: a normal, faithful, unital
+-homomorphism which is co-associative, i.e.,

(A®id)A = (id ® A)A

© There are two n.s.f. weights ¢, on M (the Haar weights) with:

» ¢o((w®id)A(x)) = w(1)p(x) when w € M,f, x € MT and ¢(x) < oo
» Y((id ® w)A(X)) = w(1)Y(x) when w € M, x € M+ and ¢(x) < .

v

Denote L®(G) := M and L1(G) := M..
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Locally compact quantum groups

@ Rich structure theory, including an unbounded antipode and
duality G — G within the category satisfying G = G.
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Locally compact quantum groups

@ Rich structure theory, including an unbounded antipode and
duality G — G within the category satisfying G = G.
e L'(G) is a Banach algebra with convolution w * 6 := (0w ® 0) o A.
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Locally compact quantum groups

@ Rich structure theory, including an unboundeg antipode and
duality G — G within the category satisfying G = G.

e L'(G) is a Banach algebra with convolution w * 6 := (0w ® 0) o A.

@ L'(G) has a dense involutive subalgebra L (G).
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Locally compact quantum groups

@ Rich structure theory, including an unboundeg antipode and
duality G — G within the category satisfying G = G.

e L'(G) is a Banach algebra with convolution w * 6 := (0w ® 0) o A.

@ L'(G) has a dense involutive subalgebra L (G).

Example (commutative LCQGs: G = G)

L®(G) = L*(G), (L'(G),*) = (L'(G),convolution)

Example (co-commutative LCQGs: G = G)

The dual G of G (as a LCQG) has
@ L¥(G) = VN(G), (LY(G),*) = (A(G),pointwise product)
@ A: VN(G) > VN(G)® VN(G) given by A(1g) == Ag® Ag
@ ¢ = ) = the Plancherel weight on VN(G).

Ami Viselter (University of Haifa, Israel)
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Locally compact quantum groups

Every LCQG G has 3 equivalent “faces”:

@ von Neumann-algebraic: vN alg L*(G)

@ reduced C*-algebraic: C*-algebra Cy(G), weakly dense in L=(G)
© universal C*-algebraic: C*-algebra Cj(G) with Cj/(G) - Co(G).

491 1~ | a(@) | cuG)
G TL¥(G) | Go(G) | Co(@)

G
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© universal C*-algebraic: C*-algebra C§(G) with C}(G) - Co(G).
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@ Co(G) and C(G) also carry a co-multiplication.
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Locally compact quantum groups

Every LCQG G has 3 equivalent “faces”:

@ von Neumann-algebraic: vN alg L*(G)

@ reduced C*-algebraic: C*-algebra Cy(G), weakly dense in L=(G)
© universal C*-algebraic: C*-algebra C§(G) with C}(G) - Co(G).

49| 1~6) | co(@) | cue)
G [5G | Co(G) | ColG)

G

@ Co(G) and C(G) also carry a co-multiplication.

@ We have L'(G) < Co(G)" < C§(G)* canonically.
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Locally compact quantum groups

@ The left regular representation for groups: A : L'(G) — C:(G)
generalizes to .
A LY(G) - Co(G).
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Locally compact quantum groups

@ The left regular representation for groups: A : L'(G) — C:(G)
generalizes to .
A LY(G) - Co(G).
@ It extends to Cj(G)" as

A% CY(G)" — M(Co(G)).
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Locally compact quantum groups

@ The left regular representation for groups: A : L'(G) — C:(G)
generalizes to .
A LY(G) - Co(G).

@ Itextends to Cj(G)" as
A% CY(G)" — M(Co(G)).

@ The GNS constructions of (L*(G), ) and (L“(C),(ﬁ) yield the
same Hilbert space, L?(G). When G = G, L?(G) = L?(G).
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Locally compact quantum groups

@ The left regular representation for groups: A : L'(G) — C:(G)
generalizes to

Az LY(G) — Cy(G).

@ Itextends to Cj(G)" as
A% CY(G)" — M(Co(G)).

@ The GNS constructions of (L*(G), ) and (L¥(G), (ﬁ) yield the
same Hilbert space, L?(G). When G = G, L?(G) = L?(G).
Let A : N, — L2(G) be the canonical injection.
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Positive-definite functions over LCQGs

Definitions (Daws, 2012; Daws & Salmi, 2013)

Let G be a LCQG. Say that x € L*(G) is...
@ a completely positive-definite function if...
@ a positive-definite function if (x*, w* * w) > 0 for all w € L} (G)
© a Fourier-Stieltjes transform of a positive measure if

(FpeClG)y) x=A%n)  (note: A" : CY(G)* — M(Co(G)))

© acompletely positive multiplier if there exists a completely positive
multiplier of L1(G) associated to x.

V.
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Positive-definite functions over LCQGs

Definitions (Daws, 2012; Daws & Salmi, 2013)

Let G be a LCQG. Say that x € L*(G) is...
@ a completely positive-definite function if...
@ a positive-definite function if (x*, w* * w) > 0 for all w € L} (G)
© a Fourier-Stieltjes transform of a positive measure if

(FpeClG)y) x=A%n)  (note: A" : CY(G)* — M(Co(G)))

© acompletely positive multiplier if there exists a completely positive
multiplier of L1(G) associated to x.

V.

Theorem (Daws, 2012; Daws & Salmi, 2013)

(1) = (8) = (4) = (2) . If G is co-amenable, all are equivalent.
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Comparison of topologies

Let G be a l.c. group.
Theorem (Raikov, 1947; Yoshizawa, 1949)

On the set of positive-definite functions of norm 1, the w*-topology
o(L°(G), L'(G)) coincides with the topology of uniform convergence
on compact subsets.
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Comparison of topologies

Let G be a l.c. group.
Theorem (Raikov, 1947; Yoshizawa, 1949)

On the set of positive-definite functions of norm 1, the w*-topology
o(L°(G), L'(G)) coincides with the topology of uniform convergence
on compact subsets.

Actually, much more can be said.
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Comparison of topologies

The A(G)-strict topology on B(G) is induced by the semi-norms
um ||Uf||A(G); fe A(G)

Theorem A (Granirer & Leinert, 1981)

On the unit sphere of B(G), the w*-topology coincides with the
A(G)-strict topology.
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Comparison of topologies

The A(G)-strict topology on B(G) is induced by the semi-norms
um ||Uf||A(G); fe A(G)

Theorem A (Granirer & Leinert, 1981)

On the unit sphere of B(G), the w*-topology coincides with the
A(G)-strict topology.

Taking positive elements in B(G), we get Raikov, Yoshizawa.
Generalizes results of Derighetti (1970) and McKennon (1971).
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Comparison of topologies

The A(G)-strict topology on B(G) is induced by the semi-norms
um ||Uf||A(G); fe A(G)

Theorem A (Granirer & Leinert, 1981)

On the unit sphere of B(G), the w*-topology coincides with the
A(G)-strict topology.

Taking positive elements in B(G), we get Raikov, Yoshizawa.
Generalizes results of Derighetti (1970) and McKennon (1971).

The L'(G)-strict topology on M(G) := Co(G)* is induced by the
semi-norms - ||+ fll1(g), f € L'(G).

Theorem B (Granirer & Leinert, 1981)

On the unit sphere of M(G), the w*-topology coincides with the
L1(G)-strict topology.
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Comparison of topologies

The A(G)-strict topology on B(G) is induced by the semi-norms
umr ||Uf||A(G); fe A(G)

Theorem A (Granirer & Leinert, 1981)

On the unit sphere of B(G), the w*-topology coincides with the
A(G)-strict topology.

Taking positive elements in B(G), we get Raikov, Yoshizawa.
Generalizes results of Derighetti (1970) and McKennon (1971).

The LP(G)-strict topology on M(G) := Co(G)* is induced by the
semi-norms u = [lu*fllLe(g), f € LP(G) (1 < p < o0).

Theorem B (Granirer & Leinert, 1981)

On the unit sphere of M(G), the w*-topology coincides with the
LP(G)-strict topology.
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Comparison of topologies

Hu, Neufang & Ruan asked (2012) whether Theorems A,B generalize
to LCQGs. We answer this affirmatively.

Let G be a LCQG. The L'(G)-strict topology on Gy (G)" is induced by
the semi-norms u - [|u * |l 1(gy, @ € L'(G).

Theorem (Runde-V, 2014)
Let G be a LCQG. On the unit sphere of Cj(G)*, the w*-topology
coincides with the L' (G)-strict topology.
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Comparison of topologies

Hu, Neufang & Ruan asked (2012) whether Theorems A,B generalize
to LCQGs. We answer this affirmatively.

Let G be a LCQG. The LP(G)-strict topology on Cy(G)* is induced by
the semi-norms i - ||y * wllp(g), @ € LP(G) (1 <p<2).

Theorem (Runde-V, 2014)

Let G be a LCQG. On the unit sphere of Cj(G)*, the w*-topology
coincides with the LP(G)-strict topology.

How does this make sense?

Ami Viselter (University of Haifa, Israel) On positive definiteness over LCQGs WCOAS 2014 13/26



Comparison of topologies

Relying on the theory of the non-commutative LP spaces, we have:

Theorem (Caspers, 2013)

For1 < p <2, consider LP(G) := LP(L*(G)). One can give a proper
definition to convolution of elements of L' (G) with elements of LP(G).
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Comparison of topologies

Relying on the theory of the non-commutative LP spaces, we have:

Theorem (Caspers, 2013)

For1 < p <2, consider LP(G) := LP(L*(G)). One can give a proper
definition to convolution of elements of L' (G) with elements of LP(G).

Apparently it is not possible to do that for p > 2.
Even classically, convolutions are not “well behaved” outside L'(G).

v
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Comparison of topologies

Relying on the theory of the non-commutative LP spaces, we have:

Theorem (Caspers, 2013)

For1 < p <2, consider LP(G) := LP(L*(G)). One can give a proper
definition to convolution of elements of L' (G) with elements of LP(G).

Remark

Apparently it is not possible to do that for p > 2.
Even classically, convolutions are not “well behaved” outside L'(G).

v

Generalizing this slightly, we have:

Proposition (Runde-V, 2014)

For 1 < p <2, consider LP(G) := LP(L*(G)). One can give a proper
definition to convolution of elements of C}'(G)" with elements of LP(G).
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Godement’s Theorem

Theorem (Godement, 1948)

Let G be a l.c. group. Every positive-definite, square-integrable
function over G has a square root: itis of the form g+ g, g = g € L?(G).
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Godement’s Theorem

Theorem (Godement, 1948)

Let G be a l.c. group. Every positive-definite, square-integrable
function over G has a square root: it is of the form g+ g, g = g € L?(G).

W

Theorem (Runde-V, 2014)

Let G be a co-amenable LCQG and x € L(G). If x is positive definite
and x € N,, (that is, p(x*x) < o), then x = A(&¢) for some C € ?23'
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Godement’s Theorem

Let A be a full left Hilbert algebra w/ completion H. Consider the cone
Po={ned: ()20 (YCeA)
(appearing in works of Araki, Connes, Haagerup, Perdrizet, Takesaki).
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Godement’s Theorem

Let A be a full left Hilbert algebra w/ completion H. Consider the cone
Po={ned: ()20 (YCeA)

(appearing in works of Araki, Connes, Haagerup, Perdrizet, Takesaki).
Say that n € P" is integrable if

sup{{n, &) : & € A and n(&) is a projection} < co.
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Godement’s Theorem

Let A be a full left Hilbert algebra w/ completion H. Consider the cone
Po={ned: ()20 (YCeA)

(appearing in works of Araki, Connes, Haagerup, Perdrizet, Takesaki).
Say that n € P" is integrable if

sup{{n, &) : & € A and n(&) is a projection} < co.

@ Let A be the (full) left Hilbert algebra associated with the
Plancherel weight on VN(G) (A := C¢(G) with the inner product
of LZ(G), product = convolution, {# = C*, A := Ag).
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Godement’s Theorem

Let A be a full left Hilbert algebra w/ completion H. Consider the cone
Po={ned: ()20 (YCeA)

(appearing in works of Araki, Connes, Haagerup, Perdrizet, Takesaki).
Say that n € P" is integrable if

sup{(n, &) : & € A and nt(&) is a projection} < co.

@ Let A be the (full) left Hilbert algebra associated with the
Plancherel weight on VN(G) (Ap := C¢(G) with the inner product
of LZ(G), product = convolution, {# = C*, A := Ag).

@ Then H = L2(G), and if f € L*(G) N L?(G), then

feP” «— fis positive definite.
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Godement’s Theorem

Let A be a full left Hilbert algebra w/ completion H. Consider the cone
Po={ned: ()20 (YCeA)

(appearing in works of Araki, Connes, Haagerup, Perdrizet, Takesaki).
Say that n € P" is integrable if

sup{(n, &) : & € A and nt(&) is a projection} < co.

@ Let A be the (full) left Hilbert algebra associated with the
Plancherel weight on VN(G) (Ap := C¢(G) with the inner product
of LZ(G), product = convolution, {# = C*, A := Ag).

@ Then H = L2(G), and if f € L*(G) N L?(G), then

feP” «— fis positive definite.

@ Also, f € P is integrable < f € A(G).
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Godement’s Theorem

Theorem (J. Phillips, 1973)

Letn € P'. Thenn is integrable < it has a square root { € P,
namely (&,n) = (n(&)C, C) for every & € A.
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Godement’s Theorem

Theorem (J. Phillips, 1973)

Letn € P'. Thenn is integrable < it has a square root { € P,
namely (&,n) = (n(&)C, C) for every & € A.

Going back to Godement’s Theorem:
@ Take A from the last example.

@ Phillips proved that every positive-definite function in L?(G) is
integrable (= in A(G)).

@ Hence, Phillips’ Theorem implies Godement’s.
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Godement’s Theorem

Theorem (Runde-V, 2014)

Let G be a co-amenable LCQG and x € L(G). If x is positive definite
and x € N,, (that is, p(x*x) < o), then x = A(&¢) for some C € ?ZA).

Proof (sketch)
We follow similar lines:
@ We let Ay be the (full) left Hilbert algebra associated with the left
Haar weight ¢ of G.
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Godement’s Theorem

Theorem (Runde-V, 2014)

Let G be a co-amenable LCQG and x € L(G). If x is positive definite
and x € N,, (that is, p(x*x) < o), then x = A(&¢) for some C € ?ZA).

Proof (sketch)
We follow similar lines:
@ We let Ay be the (full) left Hilbert algebra associated with the left
Haar weight ¢ of G.
Q If x e Ny, (in L*(G) and “square integrable”), then

x is positive definite < A(x) € szA).
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Godement’s Theorem

Theorem (Runde-V, 2014)

Let G be a co-amenable LCQG and x € L(G). If x is positive definite
and x € N,, (that is, p(x*x) < o), then x = A(&¢) for some C € ?ZA).

Proof (sketch)
We follow similar lines:
@ We let Ay be the (full) left Hilbert algebra associated with the left
Haar weight ¢ of G.
Q If x e Ny, (in L*(G) and “square integrable”), then

x is positive definite < A(x) € szA).

© In that case, A(x) is integrable.
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Godement’s Theorem

Theorem (Runde-V, 2014)

Let G be a co-amenable LCQG and x € L(G). If x is positive definite
and x € N,, (that is, p(x*x) < o), then x = A(&¢) for some C € ?ZA).

Proof (sketch)
We follow similar lines:
@ We let Ay be the (full) left Hilbert algebra associated with the left
Haar weight ¢ of G.
Q If x e Ny, (in L*(G) and “square integrable”), then

x is positive definite < A(x) € szA).

© In that case, A(x) is integrable.

© Phillips’ Theorem applies = A(x) has a square root in fP('}).
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Amenability

Definition

A locally compact group G is amenable if it admits a left-invariant
mean: a state of L*(G) that is invariant under left translations.

Compact groups, abelian (even solvable) groups, locally-finite groups.
Non-example: F,, n > 2.
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Amenability

Definition

A locally compact group G is amenable if it admits a left-invariant
mean: a state of L*(G) that is invariant under left translations.

Examples

Compact groups, abelian (even solvable) groups, locally-finite groups.
Non-example: F,, n > 2.

Definitions

A LCQG G is amenable if it admits a left-invariant mean: a state m of
L (G) with m ((w ® id)A(x)) = m(x)w(1) for all x € L*(G), w € L'(G)

| A\

v
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Amenability

Definition

A locally compact group G is amenable if it admits a left-invariant
mean: a state of L*(G) that is invariant under left translations.

Compact groups, abelian (even solvable) groups, locally-finite groups.
Non-example: [F,, n > 2.

A LCQG G is amenable if it admits a left-invariant mean: a state m of
L (G) with m ((w ® id)A(x)) = m(x)w(1) for all x € L*(G), w € L'(G)

v

G is amenable , =, G is co-amenable.

Ami Viselter (University of Haifa, Israel) On positive definiteness over LCQGs WCOAS 2014 19/26



Positive-definite measures

Let G be a locally compact group.

Say that u € M(G) is positive-definite if ff*?dy > 0 for all f € C¢(G).
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Positive-definite measures

Let G be a locally compact group.

Definition

Say that u € M(G) is positive-definite if ff*?dy > 0 for all f € C¢(G).
Equivalently: A(u) > 0 (recall: it belongs to M(C;(G))).

Theorem (Godement, 1948; extended by Valette, 1998)
TFAE:
@ G is amenable;
Q f fdp > 0 for each pos-def u € M(G) and pos-def function f;
© [ du >0 for each pos-def u € M(G);

©Q every pos-def function is the compact-open limit of functions of the
formg=g, g € Cc(Q).

v
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Positive-definite measures

Let G be a LCQG.
Definition (Runde-V, 2014)

Say that u € Co(G)" is positive-definite if A(u) >0
(recall: it belongs to M(Co(G))).

Theorem (Runde-V, 2014)

If G is co-amenable, then TFAE:
@ G is co-amenable;
Q u(x*) = 0 for each pos-def u € Cyo(G)*and pos-def function x;
© u(1) = 0 for each pos-def 1 € Co(G)*;

© every pos-def function is the strict limit in M(Co(G)) of a bounded
net of pos-def functions in A(L'(G)) N N,,.
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The separation property

Definition (Lau & Losert, 1986; Kaniuth & Lau, 2000)

Let G be a locally compact group and H be a closed subgroup of G.
Say that G has the H-separation property if for every g € G\H there
exists a positive-definite function ¢ on G with ¢|y = 1 but ¢(g) # 1.

WCOAS 2014 22/26
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The separation property

Definition (Lau & Losert, 1986; Kaniuth & Lau, 2000)

Let G be a locally compact group and H be a closed subgroup of G.
Say that G has the H-separation property if for every g € G\H there
exists a positive-definite function ¢ on G with ¢|y = 1 but ¢(g) # 1.

| A\

Theorem
G has the H-separation property in these cases:
@ His normal (easy)
@ H is compact (Eymard, 1964)
@ His open (Hewitt & Ross)
@ G is [SIN] (Kaniuth & Lau, based on Forrest, 1992).
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The separation property

Definition (Lau & Losert, 1986; Kaniuth & Lau, 2000)

Let G be a locally compact group and H be a closed subgroup of G.
Say that G has the H-separation property if for every g € G\H there
exists a positive-definite function ¢ on G with ¢|y = 1 but ¢(g) # 1.

| A\

Theorem
G has the H-separation property in these cases:
@ His normal (easy)
@ H is compact (Eymard, 1964)
@ His open (Hewitt & Ross)
@ G is [SIN] (Kaniuth & Lau, based on Forrest, 1992).

Let G = the “ax + b group” and H < G. Then:
) . o
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The separation property

Definition (Lau & Losert, 1986; Kaniuth & Lau, 2000)

Let G be a locally compact group and H be a closed subgroup of G.
Say that G has the H-separation property if for every g € G\H there
exists a positive-definite function ¢ on G with ¢|y = 1 but ¢(g) # 1.

| A\

Theorem
G has the H-separation property in these cases:
@ His normal (easy)
@ H is compact (Eymard, 1964)
@ His open (Hewitt & Ross)
@ G is [SIN] (Kaniuth & Lau, based on Forrest, 1992).

Let G = the “ax + b group” and H < G. Then:
) . o
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The separation property

Definition (Daws, Kasprzak, Skalski & Sottan, 2012)

Let G, H be LCQGs. Say that H is a closed quantum subgroup of G if
there exists a surjective *-homomorphism ¢ : Cy(G) — Cj(H)
intertwining the co-multiplications.

Such a map has a dual,  : C¥(IF) — M(C(G)) (Meyer, Roy &
Woronowicz, 2012).

If H < G, then @ is the restriction map Co(G) — Co(H), f - flu,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).
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The separation property

If H< G, thenACD is the restriction map Cyo(G) — Co(H), f + fly,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).

Definition (Runde-V, 2014)
Say that G has the H-separation property iwahenever u is a state of
C(‘;((A}) such that (u ®id)(W¢) ¢ ®(M(Cy(IH))), there is a state @& of
Cy(G) so that ¢((id ® ©)(Wg)) = 1 but p((id ® ©)(Wg)) # 1.

A\
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The separation property

If H< G, thenACD is the restriction map Cyo(G) — Co(H), f + fly,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).

Definition (Runde-V, 2014)

Say that G has the H-separation property iwahenever u is a state of
C(‘;((A}) such that (u ®id)(W¢) ¢ ®(M(Cy(IH))), there is a state @& of
G5 (G) so that ¢((id ® @)(Wg)) = 1 but p((id ® @)(Wg)) # 1.

In English:

if 1 is a state of Cj(G) that is “not supported by H”,

A\
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The separation property

If H< G, thenACD is the restriction map Cyo(G) — Co(H), f + fly,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).

Definition (Runde-V, 2014)
Say that G has the H-separation property ifA whenever y is a state of
C(‘;((A}) such that (u ®id)(W¢) ¢ ®(M(Cy(IH))), there is a state @& of
Cy(G) so that ¢((id ® ©)(Wg)) = 1 but p((id ® ©)(Wg)) # 1.

In English:

if 1 is a state of Cj(G) that is “not supported by H”, then there exists a
positive-definite function
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The separation property

If H< G, thenACD is the restriction map Cyo(G) — Co(H), f + fly,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).

Definition (Runde-V, 2014)
Say that G has the H-separation property ifA whenever y is a state of
C(‘;((A}) such that (u ®id)(W¢) ¢ ®(M(Cy(IH))), there is a state @& of
Cy(G) so that ¢((id ® ©)(Wg)) = 1 but p((id ® ©)(Wg)) # 1.

In English:

if 1 is a state of Cj(G) that is “not supported by H”, then there exists a
positive-definite function that “restricts to 1 on H”
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The separation property

If H< G, thenACD is the restriction map Cyo(G) — Co(H), f + fly,
and the dual ¢ is the natural embedding C*(H) — M(C*(G)).

Definition (Runde-V, 2014)
Say that G has the H-separation property ifA whenever y is a state of
C(‘;((A}) such that (u ®id)(W¢) ¢ ®(M(Cy(IH))), there is a state @& of
Cy(G) so that ¢((id ® ©)(Wg)) = 1 but p((id ® ©)(Wg)) # 1.

In English:

if 1 is a state of Cj(G) that is “not supported by H”, then there exists a
positive-definite function that “restricts to 1 on IH” but is “not 1 w.r.t. u”.
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The separation property

Definitions (Woronowicz)
A LCQG H is compact if 1 € Co(H).
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The separation property

Definitions (Woronowicz)
A LCQG H is compact if 1 € Co(H).

The duaAI I is then called discrete. It admits a (bouncAied) co-unit
€ € Co(H)" and a central minimal projection p € L*(H) so that
ap = é(a)p = pa for every a € L*(H).
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The separation property

Definitions (Woronowicz)
A LCQG H is compact if 1 € Co(H).

The duaAI H is then called discrete. It admits a (bouncAied) co-unit

€ € Co(H)" and a central minimal projection p € L*(H) so that

ap = é(a)p = pa for every a € L*(H).

Let G be a LCQG and H a compact quantum subgroup of G. Then
there is an embedding y : L*(IH) — L*(G) “interacting well with ®”.

Theorem (Runde-V, 2014)

If
(V2eM(Co(@) Ac@(()ol)=y(B)ez — 2zelmy,

then G has the H-separation property.
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The separation property

This condition holds, even for every 2 € L*(G), in these cases:
@ The commutative case: H< G
@ The cp—commutati/ve\ case:
G=GandH = G/A where A < G is open
@ Cocycle bicrossed products

» H is a compact normal quantum subgroup of G whose ambient
extension is cleft

» the construction involves two LCQGs, G+, G>
» it is a (von Neumann algebraic) generalization of the
Packer—Raeburn twisted crossed products.
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Thank you for your attention!
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