Math 362, Problem set 7

Due 3/30/10

1. (6.1.11) Let Xy, ..., X,, be arandom sample from an N (6, 02) distribution,
where o2 is fixed and known, and —oo < 0 < oco.

(a) Show that the mle of 6 is X

(b) If 0 is restricted by 0 < ¢ < oo, show that the mle of 0 is 0 =
max{0, X }.

Answer: We have that

0(0) = —= log(270) 2(172 > (Xi—0)?
and 1
vO)=—— > (Xi—0)

Setting ¢/ (theta) = 0, we see that 6 = X.

For (b), we observe that £/(§) < 0 for # < X and £'(f) < 0 for 6 > X.
Thus if we know that § > 0, and X < 0, ¢() is maximized at 0. That is
6 = max{0, X}

2. Let Xy,...X,, be a random sample from an N(0,0) distribution. We
want to estimate the standard deviation v/#. Find the constant ¢ so that
Y = ¢>|X;| is an unbiased estimator of v/# and determine it’s efficiency.

We note that

o 1 2
E[|X;]] =2 ——ge /¥y
11 / —

0 \/g Y B
2/0 me du = +/20/~.

Thus we take ¢ = 1, /7/2.
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We compute I(6) next. We have
1 1

0) = — _ .2
f(z;0) = \/ﬂexp( 29x )
log(f(x;0)) = —3 log(27r9) - %ﬁ
Dostsiz) 1 2
a0 20 202
Plog(f(x:0)) _ 1 a?
00 T 992 3
Thus 621 (f(X 9)) X2
_p[- Z1osUXi0)y Xt 1y 1
1(6) =E[ 1 =E[ G5 — 3531 = 35
as E[X?] = 0.
We have k(f) = v/6, and k'(9) = 2\[ Thus the Rao-Cramer lower bound
is
WO _ 6
On the other hand,
2 2 (m—2)
Var(Y) = ¢®*nVar(|X;|) = n(E[X?] — E[| X;[]?) = HnT'

Thus we see that the efficiency is

() 1
Var(Y)nI(0) 7—2

. (6.2.14) Let S? be the sample variance of a random sample of size n > 1
from N (p,0), 0 < 6 < oo, where y is known. We know E[S?] = 6.

(a) What is the efficiency of S2?
(b) Under these conditions, what is the mle 0 of 67
(c) What is the asymptotic distribution of /n(6 — ).

Answer:
(a36) = —=cap( = 350 = n)?)
log( (r36)) = — loa(2n¥) — o (x — 1)’
Olog(f(z:6)) 1  (z—n)
B, 20 " 202
Plog(f(z;0)) 1 (z—p)?
00 202 63



and as before I(0) = 55, and k(f) = 6, so k’(6) = 1. On the other
hand, since S? has a x?(n — 1) distribution, we know that Var(S?) =
)

%Var((n - 1)5%2/0) = %. We have that the efficiency of S? is

nVar(S2)  n

262 n—1

We have

0(6) = 5 Toa(2r6) — o 37 (X; — p)?

27 L )2
7)) = 29+2922(X1 )2,

Solving, we see § = L S (X; — )2,

n

For (c), we see that \/n(f — 0) — N(0,1/1(6)) = N(0,262).

. (6.3.5) Let X1,...,X, be a random sample from a N (ug,8) distribution,
where 0 < 6 < oo and po is known. Show that the likelihood ratio
test of Hy : 0 = Oy versus H; : 0 # 0y can be based upon the statistic
W =>" (X; — uo)?/6o. Determine the null distribution of W (that is,
the distribution of W given that 8 = 6y, and give, explicitly a rejection
rule for a level « test.

Hint/Note: If 0 = 6y, so that X; ~ N(uo,0) what is the distribution of
(X — 110)?/6p? It’s one we know. Maybe figure out the distribution of

(Xi = o)/ Vo first.

Answer:
We have
1 \"? 1 )
L) = [ — - — )2
() (Twe) exp ( 292(% 1)
Thus

1 n/2
o0 = ()

We found 6 in the last problem, so

n/2
I 1 —n/2
L(0) = e "

2L S (w — p)?

Combining, we have
A= nfn/2en/2wn/267W/2’
so this test depends on W as desired. Note that A < c¢ is the same as

W < ¢; or W > ¢y for some constants ¢; and cz. Since W ~ x2(n), we
take ¢; = X2 5(n) and c2 = x7_, /(1) to get a test of size o



5. (6.3.8) Let X1, Xa, ..., X, be arandom sample from a Poisson distribution
with mean 6 > 0.

(a) Show that the likelihood ratio test of Hy : 8 = 6y versus Hy : 0 # 6 is
based upon the statistic Y = >_"" | X;. Obtain the null distribution
of Y.

(b) For §p = 2 and n = 5, find the significance level of the test that
rejects Hyp if Y <4, or Y > 17.

Note: For (a), show that the test is of the form reject Hy if f(YV) > c. It
will not immediately look like it is of the form Y > ¢. The null distribution
of Y is the distribution of Y if the null hypothesis is true.

Answer: We have

02 Xi
L _ ,—nb )
(0)=e X
We also know 6 = X, so
A= 677190 (QO)YGY
(Y/n)¥

This is a function of Y; which is Poisson(n#).

For (b), we have that Y ~ Poisson(10), and hence the size of this test is
(.029) + (1 —.973).



