1. (20 points)
We take a sample of size 2 from a Poisson distribution with parameter §; the pmf of this

distribution is p(k; ) = Pg(X = k) = ¢ Oak.
We test Hy: 0 =1 versus H; : § = 2, by accept ng Hi if

p(X1;2)p(X2;2)
p(X1; Dp(X2;1)

a. (10 pts) Find the size of this test.
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b. (10 pts) Find the power of this test when 6 = 2, i.e. when H; is true. ]PO{ 5
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2. (15 points) Xi,..., X5 are a sample of size n = 50 from f(z) = (6 — 1)z 2 for 0 < 2 < 1,
zero otherwise.
a. (5 pts)  Find p = E[X,]; your answer will be in terms of 6.
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b. (10 pts) Find an approximate 90% confidence interval for 8 in terms of the sample
mean X and sample variance S2.
Hint: First, find an approximate 90% confidence interval for pu, then use your answer to part
(a) to find a confidence interval for 6.
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3. (25 points) Let Xi,..., X, be a sample from the I'(1, 8) distribution. Let Y7,...,Y;, be
the order statistics of the sample.

a. (10 pts) Find the pdf of Y;7. Identify the distribution of Y;.
Hint/Note: You should recognize the distribution if you get the right pdf.
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b. (10 pts) What constant ¢ makes cY; an unbiased estimator for 3.
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c. (5 pts)  Suppose n =4 and X3,..., Xy are
X1 =17.59 Xo = 2548 X3 =2.02 X4 =167

What is is your point estimate for 3, based on your answer to part (b).
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4. (15 points)

Suppose X has pdf f(z) = e™ for 0 < = < 00, zero otherwise. Find the probability that X is a
potential outlier of the distribution.
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9. (25 points)

X1,...,X943 are a sa,mple of n = 243 points in (0,1). We want to check whether these came
from the pdf f(z) = 423, 0 < x < 3, zero otherwise. We observe the number of points in the
segments S; = (0,1/3), Sg [1/3,2/3), and S5 = [2/3,1), and see the following:

Segment | S1 . So { S3
# in segment ] 5 ] 60 | 168

a. (15 pts) Perform the chi-square goodness of fit test. Does the data support rejecting
Hy in favor of H; at the 0.05 level of significance? How many degrees of freedom are involved
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b. (10 pts) Suppose the data instead was

T
Segment | S1 [ So | S3
# in segment | 5 I 44+b| 196 — b

Again performing the chi-square test, for what values of b would we réject Hy in favor of Hj at
the 0.1 level of significance.
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1. (25 points) Xi,...,X, are drawn from the geometric distribution with pmf p(z)
(1—0)*710, where z = 1,2,3,... wi

. with p(z) = 0 elsewhere.
a. (15 pts) Find the mle fo 6.
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b. (10 pts) Find the mle for P(Xy < 2).
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2. (25 points) Xu,..., X, are drawn from the distribution f(z;6) = —‘—)z for0 <z < o0
and 0 < 6 < oo.

a. (10 pts) Find the Flsher information I(6).
Hint/Note: ]E[(:c +6)%] = GheF k)e if k < 3
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b. (15 pts) Y = 2X is an unbiased estimator for 8. Find the efficiency of Y.
Warning: May be time consuming.
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3. (20 points)
a. (10 pts) Explain how to generate a random variable X with the distribution

fx(z)== sm(m) for0<z <m,

zero elsewhere, from a uniform (0, 1) random variable U.
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b. (10 pts) Xi,...,X, are a sample from an unknown pdf fx(z). Explain, in words, how
to use bootstrapping to generate a confidence interval for 02 = Var(X;). Be sure to include an
explanation of the bootstrapping procedure and how to find a sample variance in your answer.
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4. (30 points)

a. (10 pts) Xu,..., X, are Bernoulli random variables w1th parameter 6 (so they are 0/1
valued, and 1 with probablh’cy 9) We wish to test Hy : 8 = 3, versus Hy : 6 # 6y. We apply
the Wald-type test. Supposing X = 4, and n = 100, would we accept or reject Hy at the 0.95

approximate confidence level. X
Hint: Recall for this distribution I(6) = 0(11_0) and 6 = X.
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b (10 pts) Xi,..., X, have the N(0,0) distribution. We wish to test Hy : 8 = 6y versus

: 0 # 6. Show that the likelihood ratio test depends only on S = > z—g. Give the null
distribution of §. Explicitly state whether the test should be of the form 'Reject Hy if S < ¢;

or S > ¢y’ or 'Reject Hy if § > c3. n 7 ,
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c. (10 pts) Suppose X; = —1, Xy = 3 and X3 = —2 is a sample from an N(0,8)
distribution. Use the test you developed in (b) to test Hy : § = 1.7 versus Hj : § # 1.7. Would
you accept or reject Hy at the o = 0.9 confidence level.
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