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Obor M2-Algebra

PRAHA 2003





FACULTY OF MATHEMATICS AND PHYSICS

CHARLES UNIVERSITY

Department of Algebra

CONNECTIONS BETWEEN

CODES, GROUPS AND LOOPS

Doctoral thesis

Petr Vojtěchovský
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Školitel:

doc. RNDr. Aleš Drápal, CSc.
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This work grew out of a series of papers written by the author, sometimes in coop-
eration with others, mostly in the period 2000–2002. See [4], [9], [14], [17], [18], [20],
[21], [22], [23], [24], [25], [26], [27], [28], [29].

Each chapter can be read independently once the reader becomes familiar with the
notation and terminology, nevertheless some effort was made to present the entire
work in a uniform way.

It was our intention to avoid most of the results that appeared already in [23]—the
doctoral thesis written under the supervision of Jonathan D. H. Smith at Iowa State
University. Nevertheless some overlap exists.

Here is the summary of results:

1. Combinatorial Polarization

Combinatorial polarization is a process similar to the principle of inclusion and
exclusion. When V is a vector space over F and f : V −→ F is an arbitrary map,
the sth derived form of f is the map δsf : V s −→ F defined by

δsf(v1, . . . , vs) =
∑

∅6={i1,...,ir}⊆{1,...,s}
(−1)s−rf(vi1 + · · ·+ vir).

The combinatorial degree cdeg f of f is the smallest integer r such that δsf = 0 for
every s > r, if it exists, and it is equal to ∞ otherwise. We prove:

Theorem 1.1. Let F be a finite field of characteristic p, let V be an n-dimensional
vector space over V , and let f : V −→ F be a map. Then f : V −→ F can be
written as a reduced polynomial f(x) =

∑
a∈M(f) x

a in F [x], where x = (x1, . . . ,
xn), a = (a1, . . . , an), and M(f) is the set of all multiexponents of f . Moreover,

cdeg f =
{ ∞, if f(0) 6= 0,

degp f, otherwise,

where the p-degree degp f of f is calculated as

degp f = max
(a1,...,an)∈M(f)

n∑

i=1

wp(ai),

and where the p-weight wp(ai) of ai =
∑∞

j=0 aijp
j, 0 ≤ aij < p, is the integer

wp(ai) =
∞∑

j=0

aij .

We then develop a counting technique (based on the number of partitions of an
integer into a sum of integers of restricted size) that allows us to determine the
dimension of the vector space consisting of all maps V −→ F whose combinatorial
degree is at most d.

Combinatorial polarization is used while dealing with code loops (see below). A
binary linear code is said to be of level r is 2r divides the Hamming weight w(c)
of every codeword c, and if r is as big as possible. Codes of level 2 are also called
doubly even.
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Code loops were originally defined by Griess [13] as follows: Let C be a doubly
even code over F = {0, 1}. Let η : C × C −→ F be a map satisfying

η(x, x) = w(x)/4,

η(x, y) + η(y, x) = w(x ∩ y)/2,

η(x, y) + η(x + y, z) + η(y, z) + η(x, y + z) = w(x ∩ y ∩ z),

for x, y, z ∈ C. Then C × F with multiplication

(x, a)(y, b) = (x + y, a + b + η(x, y))

is a code loop.
Every code loop is Moufang, i.e., it satisfies the identity x(y(xz)) = ((xy)x)z.

After discussing extensions of abelian groups by (Moufang) loops, we recall how
Chein and Goodaire [3] proved that code loops are exactly finite Moufang loops
with at most two squares. One of the crucial steps in their proof is a construction
of a doubly even code with prescribed weights of intersections. We generalize and
simplify their construction as follows:

Theorem 1.2. Let V be an m-dimensional vector space over F = {0, 1}, and let
P : V −→ F be such that P (0) = 0 and cdeg P = r + 1. Then there is a binary
linear code C isomorphic to V and of level r such that w(c)/2r ≡ P (c) (mod 2) for
every c ∈ C.

Finally, we calculate the polynomial map of combinatorial degree 3 associated
with the extended binary Golay code, and point out that some of its monomials
form a 2-(11, 3, 3) design.

2. Moufang Loops with a Subgroup of Index Two

Following Chein [2], let G be a group of order n and let G = {x; x ∈ G} be a set of
new elements. Define multiplication ∗ on G ∪G by

(1) x ∗ y = xy, x ∗ y = yx, x ∗ y = xy−1, x ∗ y = y−1x,

where x, y ∈ G. The resulting Moufang loop M(G, 2) is associative if and only if G
is abelian, according to [2].

We first demonstrate that many Moufang loops are of the type M(G, 2). Then
we show that the above construction is essentially unique:

Theorem 2.1. Let G with |G| > 1 be a finite group that is not an elementary abelian
2-group. Assume that

M =
(

α β
γ δ

)

specifies the multiplication in the four quarters of L = G ∪ G, where α, β, γ, δ ∈
A = 〈σ, τ〉, and (x, y)σ = (y, x), (x, y)τ = (y−1, x). If L is Bol (i.e., it satisfies the
identity x(y(xz)) = (x(yx))z), then it is Moufang.
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Moreover, L is a Bol loop if and only if M is equal to one of the following matrices:

Gι =
(

ι ι
ι ι

)
, Gop

ι =
(

σ σ
σ σ

)
,

Gτ =
(

ι τ3

τ τ2

)
, Gop

τ =
(

σ στ
στ3 στ2

)
,

Mc =
(

ι σ
στ3 τ

)
, Mop

c =
(

σ τ3

ι στ

)
,

Mσ =
(

ι στ
σ τ3

)
, Mop

σ =
(

σ ι
τ στ3

)
.

The loops Xop are opposite to the loops X. The isomorphic loops Gι, Gτ and their
opposites are groups. The isomorphic loops Mc, Mσ and their opposites are Moufang
loops that are not associative.

We then move on to derive presentations for loops M(G, 2) when G is a 2-generated
group:

Theorem 2.2. Let G = 〈x, y; R〉 be a presentation for a finite group G, where R
is a set of relations in generators x, y. Then M(G, 2) is presented by

(2) 〈x, y, u; R, u2 = (xu)2 = (yu)2 = (xy · u)2 = 1〉,
where 1 is the neutral element of G.

Guided by this presentation, we discover a neat visual description of the smallest
12-element nonassociative Moufang loop M(S3, 2).

3. Simple Moufang Loops

Moufang loops are one of the best-known generalizations of groups. As in any variety,
one is especially interested in simple and subdirectly irreducible objects.

There is a countable family of nonassociative simple Moufang loops, arising from
split octonion algebras. These Paige loops [19] are constructed as follows. Let F be
any field. Then the split octonion algebra O(F ) consist of all vector matrices

x =
(

a α
β b

)
,

where a, b ∈ F and α, β ∈ F 3. The addition is performed component-wise, and the
multiplication is governed by

(
a α
β b

)(
c γ
δ d

)
=

(
ac + α · δ aγ + αd− β × δ

βc + bδ + α× γ β · γ + bd

)
,

where · is the usual dot product, and × is the usual vector product. The norm
on O(F ) is the determinant detx = ab − α · β. Then the set M(F ) = {x ∈
OF ; detx = 1} is closed under multiplication and is a Moufang loop. Moreover,
M∗(F ) = M(F )/Z(M(F )) is simple for any field F . It is well-known that there are
no other nonassociative finite simple Moufang loops besides the finite Paige loops
constructed above [15].

No nonassociative Moufang loop is two-generated. After studying the generators
of special linear and unimodular groups, we show:

Theorem 3.1. Every nonassociative finite simple Moufang loop is 3-generated.
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We then focus on automorphism groups of Paige loops over perfect fields, and
prove (with G. P. Nagy):

Theorem 3.2. Let F be a perfect field. Then the automorphism group of the nonas-
sociative simple Moufang loop M∗(F ) constructed over F is isomorphic to the semidi-
rect product G2(F )oAut(F ). Every automorphism of M∗(F ) is induced by a semi-
linear automorphism of the split octonion algebra O(F ).

Here, G2(F ) is the Chevalley group of type G2. The above result is proved using
geometrical loop theory. We will not go into details here.

4. Small Moufang 2-loops

While working on the problem of Hamming distance of groups (see below), Drápal
discovered two constructions that allowed him to begin a new approach to the clas-
sification of 2-groups (see [5], [6], [7], [8], [10]). In a joint paper [9] with the present
author, the constructions were generalized to Moufang loops. It is now clear that
the generalized constructions will be useful in the classification of Moufang 2-loops,
too.

The classification of Moufang loops is finished for orders n ≤ 63 (cf. [2], [12]). The
methods used in [2] and [12] are very detailed, and several nontrivial constructions
are required to account for all the loops.

We show how to obtain all nonassociative Moufang loops of order 16 and 32, and
how to construct thousands of Moufang loops of order 64. We hope to finish the
classification of Moufang loops of order 64 in the near future.

Let G be a set equipped with two binary operations ·, ∗ such that both (G, ·), (G, ∗)
are loops. The Hamming distance d(·, ∗) of (G, ·) from (G, ∗) is the cardinality of
the set {(x, y) ∈ G×G; x ·y 6= x∗y}. The distance was studied extensively provided
both (G, ·), (G, ∗) are groups, and the following results are well-known by now:

Theorem 4.1. Let (G, ·) 6= (G, ∗) be two groups of order n, and let d = d(·, ∗).
Then:

(i) d ≥ 6n− 24 when n ≥ 51,
(ii) d ≥ 6n− 18 when n > 7 is a prime,
(iii) if d < n2/9 then the groups (G, ·) and (G, ∗) are isomorphic,
(iv) if n is a power of 2 and d < n2/4, the groups (G, ·) and (G, ∗) are isomorphic.

The bound d < n2/4 in (iv) cannot be improved. The distance n2/4 is an impor-
tant value for 2-groups and Moufang 2-loops. It is known that if (G, ·), (G, ∗) are two
groups of order 2r, r < 7, then there are groups G0 = (G, ·), G1, . . . , Gm

∼= (G, ∗)
such that the distance between Gi and Gi+1 is exactly n2/4 (see [1], [9]). We now
reveal how the intermediate groups G1, . . . , Gm−1 are obtained. The idea works for
Moufang loops, too.

Let G = (G, ·) be a Moufang loop with a normal subloop S such that G/S is a
cyclic group of order 2m or a dihedral group of order 4m.

Given the set M = {1−m, . . . , m}, define the function σ : Z −→ {−1, 0, 1} by

σ(i) =




−1, i < 1−m,
0, i ∈ M,
1, i > m.

It is possible to deal with the cyclic and dihedral cases at the same time but, for the
sake of clarity, let us discuss them separately, starting with the cyclic case.
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Let α be a generator of G/S. We identify α with a subset of G. Then every x ∈ G
belongs to a unique coset αi, where i ∈ M . Let h be some element of Z(G)∩ S. We
are going to define a new multiplication ∗ on G: for x ∈ αi, y ∈ αj , let

(3) x ∗ y = xyhσ(i+j).

The resulting groupoid (G, ∗) is called a cyclic modification of G with parameters
G, S, h, α.

Now for the dihedral case. Let β, γ be two involutions of G/S such that α = βγ is
a generator of the unique cyclic subgroup of order 2m in G/S. Let G0 be the union
of the cosets αi, i ∈ M . Then G0 is a subloop of index 2 in G. Set G1 = G \ G0.
Pick e ∈ β, f ∈ γ and h ∈ N(G)∩Z(G0)∩S such that hxh = x for some (and hence
all) x ∈ G1. We are going to define a new multiplication ∗ on G. Note that every
x ∈ G belongs to a unique set αi ∪ eαi, i ∈ M , and into unique set αj ∪αjf , j ∈ M .
Assume that x ∈ αi ∪ eαi and y ∈ (αj ∪ αjf) ∩Gr, where r ∈ {0, 1}. Then

(4) x ∗ y = xyh(−1)rσ(i+j).

The resulting groupoid (G, ∗) is called a dihedral modification of G with parameters
G, S, h, β, γ. Note that the choice of e ∈ β, f ∈ γ is of no influence on the
multiplication ∗.

Here are some properties of the modifications (cf. [9]).

Theorem 4.2. Let G = (G, ·) be a Moufang loop of order n and let (G, ∗) be its
modification. Then:

(i) (G, ∗) is a Moufang loop,
(ii) d(·, ∗) = n2/4,
(iii) N(G, ·) = N(G, ∗) as a set,
(iv) A(G, ·) = A(G, ∗) as a subloop,
(v) the associators (as maps from G×G×G to A(G)) are equivalent.

Using GAP [11], we have constructed all Moufang loops of order n = 16 and 32,
and many Moufang loops of order 64 as follows: let G1, . . . , Gs be all nonabelian
groups of order n, and let M1, . . . , Ms be the corresponding Moufang loops Mi =
M(Gi, 2). When n = 16 or n = 32, every nonassociative Moufang loop of order 16
is a modification of M1, . . . , Ms. The calculations for n = 64 are in progress. Over
3500 pairwise nonisomorphic Moufang loops of order 64 were found already.

The thesis concludes with a brief discussion of the GAP algorithms used, and of
the package LOOPS [16] for GAP, currently under development by G. P. Nagy and
the present author.
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