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Jordan algebras appear in 1934:

On an Algebraic Generalization of the Quantum Mechanical Formalism,
de P. Jordan, J. V. Neumann e E. Wigner [Ann. of Math. (2)35(1934), no.
1, 29-64].

A Jordan algebra is a vector space J over a field I’ with a binary bilinear
operation (x,y) — zy satisfying the folowing identities:
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Jordan algebras appear in 1934:

On an Algebraic Generalization of the Quantum Mechanical Formalism,
de P. Jordan, J. V. Neumann e E. Wigner [Ann. of Math. (2)35(1934), no.
1, 29-64).

A Jordan algebra is a vector space J over a field F' with a binary bilinear
operation (x,y) — zy satisfying the folowing identities:

Ty = yx

(z%y)z = 2°(yx)
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Jordan superalgebras (1972):
I. Kaplansky, Superalgebras [Pacific J. Math. 86(1980), no. 1, 93-98], and

V. G Kac, Classification of simple Z-graded Lie superalgebras and simple
Jordan superalgebras [Comm. Algebra 5 (1977), no. 13, 1375-1400]
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A Jordan superalgebra is a Zz-graded algebra J = Jj + Jy satisfiying the
graded identities:

Ty = (,1)Iav|\y\yJrj

(zy)2)t+ (_1)\y|\2\+\y\lt|+lﬂ\il ((xt)z)y+(_1)\%I\ylﬂw\IZI+IrHt\+|2Ht\ (yt)z)z =

(o) () + (=17 (@2) () + (=)D ) ().

where |z| =i if x € J;
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Are associative superalgebras,

in the article: C. T. C. Wall, Graded Braver Groups, J. Reine Angew Math.

213(1964)187-199, proved that every associative simple finite-dimentional

superalgebra over an algebraically closed field is isomorphic to one of them.
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subalgebras of these superalgebras, are called Special and Exceptional
otherwise.
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Jordan Superalgebras examples

° A:Mern(F),Aa:( - ),AT:( 0 ),and
o A:Q(n):( i Z >|a,beMn(F)

Are associative superalgebras,

in the article: C. T. C. Wall, Graded Braver Groups, J. Reine Angew Math.
213(1964)187-199, proved that every associative simple finite-dimentional
superalgebra over an algebraically closed field is isomorphic to one of them.

@ Let A be an associative superalgebra. the new operation
a-b= %(ab + (=1)lellblpa) defines a structure of Jordan superalgebra on A,
A = (A, +, ). The Jordan superalgebras that can be obtained as
subalgebras of these superalgebras, are called Special and Exceptional
otherwise.

@ If A is an associative superalgebra and * : A — A is a superinvolution,
((a*)* = a, (ab)* = (=1)lallblp*g*)  then the set of symetric elements H (A, %)
is a subsuperalgebra of A(T).



o M) m>1,n>1.

m—4n?

o Q(n)(H), n>2.
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o Q)M n>2.

o Let I,,, I, be the identity matrices, U = —Ut = —U~1! = ( IO ’ém )
m

a b \"_ I, O at  —ct In 0
c d o 0 U bt dt 0o Ut

is a superinvolution, we will refer to Jospy om (F) = H(Mp+t2om (F), *) as the
Jordan orthosymplectic superalgebra.

them:
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M >t a>1.

m-+n?

Q) n>2.

Let I, I, be the identity matrices, U = —Ut = -U~1 = ( IO 767" ),
m

a b \"_ I, O at  —ct In 0
c d - 0 U bt dt 0o U!

is a superinvolution, we will refer to Jospn om (F) = H(Mp+t2om (F), *) as the
Jordan orthosymplectic superalgebra.

them:

The associative superalgebra M, 4, (F) has another superinvolution:

a b\ [ d —bt
c d - ct at

the Jordan superalgebra of symmetric elements are denoted by
JPn(F) = H(Mp4n(F),0).



o The 3-dimentional Kaplansky superalgebra, K3 = Fe + (Fa + Fy), with the

multiplication: €2 = e, ex = %x, ey = %y, z,y] =e.

@ The l-parametric family of 4-dimensional superalgebras
Di = (Fei1 + Fez) + (Fx + Fy), with multiplication: e? = e;, e1ez = 0,
€T = 3w, ey = Sy, vy =e1 +tez, i =1,2.
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superform (|) : V x V :—= F and (V5|V5) = (Vg|V5) = (0).
The superalgebra J = F1+V = (F1+ Vj) + Vg is Jordan.
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the TKK construction) to the exceptional 40-dimensional Lie superalgebra.
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The Jordan superalgebra 2"*1-dimensional Kan(n) = J(Gn, {, })-
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Jordan superalgebras classification

In the article:

V. G. Kac, Classification of simple Z-graded Lie superalgebras and simple
Jordan superalgebras|Comm. in Algebra 5(1977),no0. 13, 1375-1400].

V. Kac proved tha every simple finite dimentional Jordan superalgebra over
a field algebraically closed of characterictic zero is isomorphic to one of the
superalgebras above.

~
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If J is a Jordan superalgebra and V' a super-space, then V' is a J-bimodule
is the split null extention E(J,V) = J @ V is Jordan superalgebra.

Reacall that the operation in the split null extention extends the
multipliation of J and the action of J on V while the product of two
arbitrary elements in V' is zero.
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Jordan Bimodule

If J is a Jordan superalgebra and V' a super-space, then V is a J-bimodule
is the split null extention E(J,V) = J @V is Jordan superalgebra.

Reacall that the operation in the split null extention extends the
multipliation of J and the action of J on V while the product of two
arbitrary elements in V' is zero.

We define R, : V — V and Lo : V — V as Rq(v) = va and Lq(v) = av
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In the articles

C. Martinez and E. Zelmanov, Representation theory of Jordan superalgebras I, Trans. Amer.
Math. Soc. 362 no.2, 815-846, (2010).

C. Martinez and E. Zelmanov, Representation theory of Jordan superalgebras, Contem. Math.
483, 179-194, (2009).

C. Martinez and E. Zelmanov, A Kronecker factorization for the exeptional Jordan supealgebra,
J. Pure Appl. Algebra 177 no.1, 71-78, (2003).

C. Martinez and E. Zelmanov, Unital bimodules over the simple Jordan superalgebras D(t),
Trans. Amer. Math. Soc. 8358 no.8, 3637-3649, (2006).

C. Martinez and I. Shestakov, Unital irreducible bimodules over My 1, Preprint.

M. N. Trushina, Irreducible representation of a certain Jordan superalgebra, J. Algebra Appl. 4
no.1, 1-14, (2005).

A.S. Shtern, Representation of finite-dimensional Jordan superalgebras of Poisson brackets,
Comm. in Algebra 23 no.5, 1815-1823, (1995).

A.S. Shtern, Representation an exepcional Jordan superalgebras, Funktzional Annal. i Prilozhen 21,
93-94, (1987).
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A dot-bracket superalgebra A = (Ao + A1, -, {,}) is an associative,
supercommutative F-superalgebra (A4, ) together with a
super-skew-symmetric bilinear product {, }.

We created a Kantor superalgebra J(A) via the Kantor doubling
process as follows:
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Kantor Superalgebra J(A)

A dot-bracket superalgebra A = (Ap + A1,-,{,}) is an associative,
supercommutative F-superalgebra (A4, ) together with a
super-skew-symmetric bilinear product {, }.

We created a Kantor superalgebra J(A) via the Kantor doubling
process as follows:

J=A® A, direct sum of F-modules, where A is just A labelled.

Multiplication in J(A) is given by:

feg=1f-g,
_ f.ng'g7
j°g:(—1)' 'Fg,
Feg=(-1)1{f g},

J(A) = Jo + Ji1, where Jo = Ag + A1 and J1 = A; + Ay, is a superalgebra
supercommutative under this product.



Let A = Ap + A1 be a dot-bracket superalgebra. We call {, } a Jordan
superbracket if:

{f.(g- W)} ={f.g} b+ (D). {f h} —D(f)-gh,
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Jordan Superbracket

Let A = Ap + A1 be a dot-bracket superalgebra. We call {, } a Jordan
superbracket if:

{f.(g-m)}=1{f 9} -h+ (1) ¥g - {f ) = D(f)-g-h,

{f7 {97 h}} - {{fv g}v h} - (71)|f\|g\{g7 {f7 h}} =
D(f)-{g,h} + (_1)Ig\<|f|+|h\)D(g) Ah, £} + (_1)Ih\(|f\+|g\)D(h) {f, g}

where D(f) = {f,1}, f,g,h € Ao U Ay

Theorem

If A is a bracket superalgebra then J(A) is a Jordan superalgebra if and
only if {,} is a Jordan superbracket.




Let G,, be the Grassman superalgebra with odd generators e1, eg, ..., en,
with e;e; + eje; = 0 and €7 = 0.

0
We define an odd superderivation — for j = 1,2,...,n with the equalities:

861'
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Let G,, be the Grassman superalgebra with odd generators eq, ez, .
with e;e; + eje; =0 and e? =0.

<y €n,

We define an odd superderivation i for j =1,2,...,n with the equalities:

8ej
oe; O(uwv)  Ou july, v
—— = 055 and v+ (—1)
Oe; de;  Oej 86]'
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Grassmann Superalgebra G,

Let G, be the Grassman superalgebra with odd generators e, ez, ..., en,
with e;e; + eje; =0 and 612 =0.

861'

We define an odd superderivation for j =1,2,...,n with the equalities:
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_ 77 —1)luly, 22
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and we define and superbracket:
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Grassmann Superalgebra G,

Let G, be the Grassman superalgebra with odd generators e, ez, ..., en,

with e;e; + eje; =0 and e? =0.

0
We define an odd superderivation — for j = 1,2,...,n with the equalities:

861'

de; O(uwv)  Ou

ov
aiej = 61] and

8ej B 3763 aej
and we define and superbracket:

(o= e 2000

that is a Jordan superbracket, then Kan(n) =

superalgebra.

v+ (=) ——

J(Gy) is a Jordan



Kan(n) is generated as vector space by:

€i1€iy -+ - €jy, and €; €, - - €,

without forgetting 1 and 1

er = ej €iy ey if [ ={i1,42,...,0x} C I ={1,2,...,n},

S0, €] = €4, €iy -~ €iy, €6 = 1L and ey = 1,
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Kan(n) is generated as vector space by:

€i1€iy -+ - €jy, and €; €, - - €,

without forgetting 1 and 1

€] = €i1 €4y " C4y, if I = {i1,i2,...,ik} QI :{1,2,...,71},

S0, €] = €5, €15+ €ip, €o = 1 and €5 = 1,

eiej = —eje;, for i, € I, i # j,

If o is a permutation of the set I, we have er = Sgn(o)e,(1).
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Jordan Examples Bimodule Kantor Element Multiplication
.
Notation

Kan(n) is generated as vector space by:

€i1€ip -+ - €4,, and € €, - €4y,

without forgetting 1 and 1

er = ej €iy ey if I ={i1,42,...,ix} C I ={1,2,...,n},

S0, €] = €4, €4, -~ €4y, €p = 1L and ey = 1,

eiej = —eje;, for 4,5 € I, i # j,

If o is a permutation of the set I, we have er = Sgn(o)e,(1).
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IfI:{’Ll,Zk} and J={j1,...js}:

eruJg if IﬁJ:¢

61'6J:€IGJ:{ 0 if INJ#¢

erus if INJ=¢

e”a:efe":{ 0 it INJ#¢

- 1S - (—1)Sejuj if INnJ=¢
erees =(-1) efe]_{ 0 it INJ#¢

S (s if TN T = {iph = {Gg}
ree; = (—1)*{er,es} = { 0 otherwise

, : : ) ) ) : : : :
where I' = {i1,...,ip—1,0pt1,-.- ik} and J = {j1,. .., Jg—1,Jq+1s---sJs}

Irreductible Representation of Jordan Superlgebras Kan(n)
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ST .
Multiplication

If7I = {’Ll,lk} and J = {jla"'js}:

eruJg if IOJ:qb

6”6":6[6":{ 0 if INJ#¢

erus if INJ=¢

e”a:m":{ 0 it INJ#¢

(—1)S€]UJ if INnJ= 1]

a‘e":(_l)sem:{ 0 it TNJ#£6

—— _ 4y\s _ (—1)5+k+p+q61’uJ' it InJd={ip}={jq}
ree; = (=1)'{er,es} = { 0 otherwise

, , . . . y . , . ,
where I' = {i1,...,ip—1,0pt1,-.-,0k} and J' = {j1,. -, Jq—1,Jq+1s---+Js}



[Rza Ry]s = RzRy — (—1)|w||y|Rsz.

Lemma

Giwen I = {i1,...,ix} and J = {j1,...,]s} index sets contained in
I, ={1,...,n}, then

©Q [Re;, Re;ls =0, for all I and J.

Q [Re;,Rez]s =0, if [JNI| > 2.

@ [Re;,Ry] =0, for all T #{1,2,...,n}.
Q [Rer, Re5ls =0, if INJ # ¢.
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Jordan Examples Bimodule Kantor Element

Commutators

[Rw:Ry}s =R;Ry, — (_1)‘x‘|y|Rwa,

Lemma

Given I = {i1,...,ix} and J = {j1,...,]s} index sets contained in
I, ={1,...,n}, then

Q [Re;, Re;ls =0, for all I and J.

@ [Re;,Rez]s =0, if [JNI| >2.

@ [Re;,Ry] =0, for all I #{1,2,...,n}.
@ [Rer, Re7ls =0, if INJ # ¢.

Multiplication



Jordan Examples Bimodule Kantor Element

Operators

Lemma

For Kan(n) = Kan(n)o + Kan(n)1 and F such that CarF # 2:

Q Ifae Kan(n)1, a=ej orer, a # 1, then:

R2 =0.
@ Ifa € Kan(n)o, a =ey orer, a # 1,€;, then:
R3 =0.

@ IfV is irreducible and F' is algebricaly closed then:

R%:a,forsomeaEF.

Qo R‘i_:R?i, forallie{1,...,n}.

€4

Multiplication

16 / 21



If V is an unital Jordan bimodulo over Kan(n), then there exists 0 #v € V
such that

ver =ver =0,

forallp #1C I, ={1,...,n}.

For example, n = 2

Lemma

If V is an unital Jordan bimodulo over Kan(2), then there exists 0 # v € V.
such that

ver = veg = v(ei1ez) = ver = vez = verez = 0.

Irreductible Representation of Jordan Superlgebras Kan(n)
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Jordan Examples Bimodule Kantor Properties Multiplication

Special Element in V'

Lemma

If V is an unital Jordan bimodulo over Kan(n), then there exists 0 #v € V
such that

ver = ver =0,

forallp #1C I, ={1,...,n}.

For example, n = 2

Lemma

If V is an unital Jordan bimodulo over Kan(2), then there exists 0 #v € V.
such that

ver = vez = v(e1e2) = ver = vez = veiez = 0.




Special Element in V'

Lemma

If V is an unital Jordan bimodulo over Kan(n), then there exists 0 #v € V
such that

ver = ver =0,

forallp #1C I, ={1,...,n}.

For example, n = 2

Lemma

If V is an unital Jordan bimodulo over Kan(2), then there exists 0 #v € V.
such that

ver = vez = v(e1e2) = ver = vez = veiez = 0.

v and ’l)T are not zero.

Jordan Examples Bimodule Kantor Properties Multiplication



IfI="{i,...,ix} CI,={1,...,n} and w € V:
w(I) = wle; 1+ Teg = (- ((whe)D) - Dy,

and
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IfI="{i,...,ix} CI,={1,...,n} and w € V:
w(I) = wle; 1+ Teg = (- ((whe)D) - Dy,

and
w(I) = wlep 1+ Teg 1= (- ((wh)ei)1) - D)1,
so, If I = ¢ we have
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IfI="{i,...,ix} CI,={1,...,n} and w € V:
w(I) == wleg 1+ Teg, = (- ((whe)D) -

and
w(l) :=wlex 1 Teg 1= ((---

so, If I = ¢ we have

and we can show that:

RET’,RTRZ — 0, for i = j,

e,
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IfI="{i,...,ix} CI,={1,...,n} and w € V:
w(I) = wle; 1+ Teg = (- ((whe)D) - Dy,

and
w(I) == wleg T Teq 1= (- ((whei)D) - D)1,
so, If I = ¢ we have

and we can show that:
RQRTRq = 0, for i = j,
and

RZRTRZ — _RZRTRZ7 para 7 # j,
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Jordan Examples Bimodule Kantor Properties

Notation
IfI={i,...,is} C L, ={1,...,n} and w € V:
w(l) == wleg 1---Teg = (- (((wl)en)1)

and

and we can show that:
RETRTRW = 0, for i = j,

and

Element Multiplication

RERTRZ = _R?J'RTRE7 para 7 75 j,



Jordan Examples Bimodule Kantor Properties

Notation
IfI={i,...,is} C L, ={1,...,n} and w € V:
w(l) == wleg 1---Teg = (- (((wl)en)1)

and

and we can show that:
RETRTRW = 0, for i = j,

and

Element Multiplication

RERTRZ = _R?J'RTRE7 para 7 75 j,

then, if o is a permutation of I, we have

w(l) = Sgn(o)w(a(l)),



Jordan Examples Bimodule Kantor Properties Element
Theorem: Multiplication on V over Kan(n)

If V is an unital irreducible Jordan bimodulo over the superalgebra
Kan(n), then V is generated as vector space by the elements

v(I) e v(I), where I C I, = {1,...,n},

and the multiplication of kan(n) over V is given by:

(n
I\J if s2=0
)Oes = { otherwise
I \J s2=0
otherwise
(

otherwise

o {1()if52:0

(D) o(INJVes,  if spa=1
—(- )Sa(s —1Do(IN\J) if s2=0
otherwise

v(l)®es

where a = RZ, J = J1UJ> C I, com J1 C 1, JaN 1 = ¢, s, = |Jp| for
p=1,2and s = s1 + s2 = |J|.



Jordan

Multiplication

Examples Bimodule Kantor Properties Element
Example n = 2
1 e1 e2 eiez 1 er e erez
vleiles | —vles vler —v | vlerleal —vleal vlerl —vl
vles 0 v 0 vlezl 0 vl 0
vler v 0 0 vlerl vl 0 0
v 0 0 0 vl 0 0 0
vleilesl | vlesl | —vlerl | —vl | avlerles 0 0 v
vleal 0 —vl 0 —avles —vlerles 0 vler
vlerl —vl 0 0 avley 0 vlerles | —vlez
vl 0 0 0 av vler vlez 0

where vaias...ap :

(... ((var)az)...)ap and a = RZ.



Jordan

Multiplication

Examples Bimodule Kantor Properties Element
Example n = 2
1 e1 e2 eiez 1 er e erez
vleiles vlez vler —v | vlerleal —vleal vlerl —vl
vles 0 v 0 vlezl 0 vl 0
vler v 0 0 vlerl vl 0 0
v 0 0 0 vl 0 0 0
vleilesl | vlesl | —vlerl | —vl | avlerles 0 0 v
vleal 0 —vl 0 —avles —vlerles 0 vler
vlerl —vl 0 0 avley 0 vlerles | —vlez
vl 0 0 0 av vler vlez 0

where vaiaz...ap :

If o = 0 then we have the regular bimodule.

(... ((var)az)...)ap and a = RZ.



THANKS!
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