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Theodor Mollien (1861 - 1941)

(1892) Let A be a finite-dimensional associative algebra
over the complex field, and let /' be the solvable radical of
A. Then there exists a subalgebra S C A such that
SZA/N and A=SN.

o Ueber Systeme Hoherer complexer zahlen, Math Ann 41, 1893
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J. M. Wedderburn (1882 - 1941)

(1905) Let A be a finite-dimensional associative algebra
over F, and let N be the solvable radical of A, then there
exists a subalgebra S C A such that S = A/N and
A=SaN.

@ On the structure of hypercomplex number systems, Amer. Math.
Soc. Volume 12, Number 2 (1905).
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Adrian A. Albert (1905-1972)

_ In 1945 proved an analogue to the Principal Wedderburn
4 theorem for finite-dimensional especial Jordan algebras over
;Z a field of characteristic zero.

@ The Wedderburn principal theorem for Jordan algebras, Ann. of
Math. (2)
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Penico, Askinuze

Generalized the result of A. Albert for any finite-dimensional Jordan
algebra over arbitrary fields with Char[F # 2.

@ Askinuze, A Theorem on the splittability of J-algebras, Ukrain.Mat.Z.
3 (1951)

@ Penico, A.J. The Wedderburn principal theorem for Jordan algebras,
Trans. Amer. Math. Soc. 70 (1951),
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Let Ap and A; be vector spaces over a field F, A = Ag + A; is called a
superalgebra if it is a Zo-graded algebra over F, it is A;A; C Aitj mod 2
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Definition
Let Ap and A; be vector spaces over a field F, A = Ag + A; is called a
superalgebra if it is a Zo-graded algebra over F, it is A;A; C Aitj mod 2

A superalgebra A = A + A; is called a Jordan superalgebra if it
satisfies the superidentities

a,-aj = (—1)Uaja; (1)

((aiaj)ak)ar + (1) N ((aia))ak)a; + (—1)7 1% ((a58)) ak)ai =

(aiaj)(akar) + (—1)**V(a;a)) (aja) + (—1)9 (aiak)(aj2)) (2)

for all a;,aj,a ax € Jo U J1.
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Definition
Let Ap and A; be vector spaces over a field F, A = Ag + A; is called a
superalgebra if it is a Zo-graded algebra over F, it is A;A; C Aitj mod 2

A superalgebra A = A + A; is called a Jordan superalgebra if it
satisfies the superidentities

a,-aj = (*1)”8','3,' (1)

((aiaj)ak)ar + (1) N ((aia))ak)a; + (—1)7 1% ((a58)) ak)ai =

(aiaj)(akar) + (—1)**V(a;a)) (aja) + (—1)9 (aiak)(aj2)) (2)

for all a;,aj,a ax € Jo U J1.

Definition
An A-superbimodule M = Mg + Mj is called a Jordan superbimodule if
the corresponding split null extension superalgebra & = A @® M is Jordan
superalgebra.
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Some Examples

@ Let A be an associative superalgebra and consider the new
multiplication in A,

1 X
xoy = (xy +(~1)"Pyx)

The new superalgebra is a Jordan superalgebra and we denoted this
by AT,
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Some Examples

@ Let A be an associative superalgebra and consider the new
multiplication in A,

1 X
xoy = (xy +(~1)"Pyx)
The new superalgebra is a Jordan superalgebra and we denoted this

by AT,
In particulary, we can consider the associative superalgebra

Mner(F):(; 2)"'(2 ;)

and denote this Jordan superalgebra by ./\/l,,|m(]F)(+).
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o Let V=V ® Vj be a graded F-vectorspace and let f : V x V — F
be a superform, i.e f|y,, (f]v,) is a symmetric form (skew form) and
f(Vo, V1) = 0. Is easy to check that J=TF -1+ Vp 4+ V4 with
multiplication v-1 = v, v-w = f(v,w) is a Jordan superalgebra. It
is called the Jordan superalgebra of superform.
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o Let V=V ® Vj be a graded F-vectorspace and let f : V x V — F
be a superform, i.e f|y,, (f]v,) is a symmetric form (skew form) and
f(Vo, V1) = 0. Is easy to check that J=TF -1+ Vp 4+ V4 with
multiplication v-1 = v, v-w = f(v,w) is a Jordan superalgebra. It
is called the Jordan superalgebra of superform.

oletteFandDi=(F-e1+F-e)+ (F-x+F-y) bea parametric
family of superalgebras with multiplication

1 1

& X =5X, &1y =y, = Xy = -y x=ette

This superalgebra is a Jordan superalgebra.
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Let V = V@ Vi be a graded F-vectorspace and let f : V XV — F
be a superform, i.e f|y,, (f]v,) is a symmetric form (skew form) and
f(Vo, V1) = 0. Is easy to check that J=TF -1+ Vp 4+ V4 with
multiplication v-1 = v, v-w = f(v,w) is a Jordan superalgebra. It
is called the Jordan superalgebra of superform.
LettcFand Dy =(F-e1+F-e)+ (F-x+F-y) be a parametric
family of superalgebras with multiplication

1 1

& X =5X, &1y =y, = Xy = -y x=ette

This superalgebra is a Jordan superalgebra.

Let C3=TF-e; + (F-x+TF-y) be a superalgebra with multiplication

1
el'XZEX,el'YIE%IX'y:—)/'xzel

This superalgebra is a Jordan superalgebra. It is called the Kaplansky
superalgebra.
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@ V.Kac introduced the Jordan superalgebra of dimension 10, Kig.

Over a field F, CharlF = 0, any Jordan superalgebra of the list above is a
simple Jordan superalgebra J
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The Problem

The Problem

Let A be a Jordan superalgebra and let N be the solvable radical of A.
When there exists a subsuperalgebra S C A such that S = A/N and
A=SON?
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The Problem

The Problem

Let A be a Jordan superalgebra and let N be the solvable radical of A.
When there exists a subsuperalgebra S C A such that S = A/N and
A=SON?

This problem is an analogue to the validity of the Principal Wedderburn
Theorem (PWT) for associative algebras.
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Reduction preliminaries

Proposition

If the principal Wedderburn theorem is valid for Jordan superalgebras with
unity, then it is valid for any Jordan superalgebra
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Reduction preliminaries

Proposition
If the principal Wedderburn theorem is valid for Jordan superalgebras with
unity, then it is valid for any Jordan superalgebra

Let J be a finite dimensional semisimple Jordan superalgebra, that is,
N(J) = 0 where N is the soluble radical. Fix a class O(J) of finite
dimensional Jordan J-bimodules which is closed with respect to
subbimodules and homomorphic images. Denote by Ray(3) the class of
finite dimensional Jordan superalgebras A that satisfy the following
conditions: AJN(A) =3, N(A)? =0 and, N(A) considered as
J-bimodule belongs to 9M(J). Then if PWT is true for all superalgebras
B € Rop(g) with N(B) an irreducible J-bimodule, then it is true for all
superalgebras A from foy(j)
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irreducible bimodules over Jordan superalgebras

Irreducible bimodules over Jordan superalgebras of type M,,‘m(IF)H), Dy,
Kaplansky, and superform were classified by Zelmanov-Martinez. The
cases of Jordan superalgebras of type Kig was proved by Shtern.
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Answer to the problem

As a first step we consider the case in which the radical satifies A2 = 0,
and the quotient superalgebra J/N is a simple Jordan superalgebra of one
of the following types: /\/l,,|m(IF)(+), superforms, Dy, or K19, we prove that
an analogue to the PWT is valid, provided some restrictions are imposed
on the types of irreducible bimodules contained in the radical .

The restrictions are necessary and counter-examples were provided
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Main Theorem

Theorem (Main Theorem)

Let 3, N be as before. In the following cases there exists a
subsuperalgebra S C J such that S 2 J/N and =S & N:
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Main Theorem

Theorem (Main Theorem)
Let 3, N be as before. In the following cases there exists a
subsuperalgebra S C J such that S 2 J/N and =S & N:

e J/N is isomorphic to M, ,(F)"). And when n+ m >3, N does

not contain any copy of the regular bimodule Reg M,,|m(IF)(+). When

m = n=1 N does not contain any copy of the regular bimodule nor
of V€.
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Main Theorem

Theorem (Main Theorem)

Let 3, N be as before. In the following cases there exists a
subsuperalgebra S C J such that S 2 J/N and =S & N:
e J/N is isomorphic to M, ,(F)"). And when n+ m >3, N does
not contain any copy of the regular bimodule Reg M,,|m(IF)(+). When
m = n=1 N does not contain any copy of the regular bimodule nor
of V€.
e J/N is a superalgebra of a superform with even part of dimension n,

and N does not contain any copy of the irreducible bimodule
Cn/Cn—2 when n is odd, or of u-Cp/u-Cpn_2 when n is even.

FAGG (UdeA) The PWT for Jordan superalgebras with 1.

/22



Main Theorem

Theorem (Main Theorem)

Let 3, N be as before. In the following cases there exists a
subsuperalgebra S C J such that S 2 J/N and =S & N:

e J/N is isomorphic to M, ,(F)"). And when n+ m >3, N does
not contain any copy of the regular bimodule Reg M,,|m(IF)(+). When
m = n=1 N does not contain any copy of the regular bimodule nor
of V€.

e J/N is a superalgebra of a superform with even part of dimension n,
and N does not contain any copy of the irreducible bimodule
Cn/Cn—2 when n is odd, or of u-Cp/u-Cpn_2 when n is even.

e J/N s isomorphic to Dy, t # —1. And N does not contain any copy

of the bimodule Reg Dy, or of the vector space generated by one even
vector.
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Main Theorem

Theorem (Main Theorem)

Let 3, N be as before. In the following cases there exists a
subsuperalgebra S C J such that S 2 J/N and =S & N:

e J/N is isomorphic to M, ,(F)"). And when n+ m >3, N does
not contain any copy of the regular bimodule Reg M,,|m(IF)(+). When
m = n=1 N does not contain any copy of the regular bimodule nor
of V€.

e J/N is a superalgebra of a superform with even part of dimension n,
and N does not contain any copy of the irreducible bimodule
Cn/Cn—2 when n is odd, or of u-Cp/u-Cpn_2 when n is even.

e J/N s isomorphic to Dy, t # —1. And N does not contain any copy

of the bimodule Reg Dy, or of the vector space generated by one even
vector.

e J/N is a Kac superalgebra without restriction in the bimodule.
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The restrictions impossed by the theorem above are essential, and we
provide the corresponding counter-examples
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Irreducible bimodules over Jordan superalgebras of

superform

Let V = Vy 4+ V4 be a vector superspace equipped with a
nondegenerate superform, and suppose that Vq # 0. Let vy,..., v, be an
orthogonal basis of Vg and wy, ..., ws, be a basis of V; such that
(woj—1,wn;) =1, 1 < i < m, where all other products are zero.

Let C be the Clifford algebra over IF. Let 0 < i,...,i, <1 and
ki,...,kom are non negative integers, the elements v* - - v/r W{q e Wé‘,ﬁ,’””,
form a basis for C.

Consider the subspace C, = ), V - - - V as the span of all basic
i

products of lenght < r.

F=CCCiC-; C=Urol
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Irreducible bimodules over a Jordan superalgebras of

superform

Any superspace of type C, with r odd integer is a superbimodule over the
Jordan superalgebra of superform. J

FAGG (UdeA) The PWT for Jordan superalgebras with 1.



Irreducible bimodules over a Jordan superalgebras of

superform

Any superspace of type C, with r odd integer is a superbimodule over the
Jordan superalgebra of superform.

Theorem (C. Martinez- E. Zelmanov)

The only finite dimensional unital irreducible Jordan bimodules over
J=F-1+4V, (Jordan superalgebra of superform) are C,/C,_> if r is odd
and uC,/uC,_» if r is even, where u is an even vector.
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A counter-example to the PWT in Jordan superalgebras of

superform

We consider the superspace N C A where

2 2
Ao =Vect (1, v}, vivo, viv3, vov3, ViVovs, VWS, Viwi wo, WS, Wi Ws )

for i=1,2,3, s—1,2
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A counter-example to the PWT in Jordan superalgebras of

superform

We consider the superspace N C A where

2 2
Ao =Vect (1, v}, vivo, viv3, vov3, ViVovs, VWS, Viwi wo, WS, Wi Ws )

3,2
Al :VeCt < W17 W27 ViWS) V1V2W$7 V1V3W57 V2V3WS7 Ws7 Ws Wf.’>
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A counter-example to the PWT in Jordan superalgebras of

superform

We consider the superspace N C A where

2 2
Ag =Vect (1,vj, v1va, v1v3, Vav3, V1VaV3, VWS, Viwi Wo, We, WiWo )

2 2
No =Vect (vivo, viv3, vova, vivovs, Viws, Viwi wa, WS, wiws )
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A counter-example to the PWT in Jordan superalgebras of

superform

We consider the superspace N C A where

3 2
Ay =Vect (wr, wo, ViWs, ViVoWs, VIV3Ws, VoV3Ws, W, , WE Wy )

3 2
N1 =Vect (vjws, vivaws, Vi VaWs, VaV3Ws, WS, WS Wy )
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A counter-example to the PWT in Jordan superalgebras of

superform

We consider the superspace N C A where

w2 2
Ao =Vect (1, v, viva, viv3, vav3, ViVov3, Viwg, VWi Wa, Wy, Wi W2 )

w2 2
No =Vect (v1v2, Vi3, Va3, V1VaVs, ViW, Viwi W, Wg, Wiw2 )

3.2
Aj =Vect { wi, W, viws, ViVaWs, V1 V3Ws, VaV3We, W, W2 Wy )
=Vect (v,

3 2
ViWs, VI Vo Ws, V1 V3Ws, VoV3Ws, WS, W2 W )
and we observe that

ANZF-14+F - vi+F-w+F-w)+F w +F-w)

FAGG (UdeA) The PWT for Jordan superalgebras with 1.



A counter-example

We define the nonzero products on A, as follows v,.2 =1fori=1,2,3 and
wi-wr =14 vivowg

1
v,-ovj-zi(v;\/j—kvjv;) 0=viows = vVviws + wWsV;
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A counter-example

We define the nonzero products on A, as follows v,.2 =1fori=1,2,3 and
wi-wr =14 vivowg

Vi WVaVv3 = ViVoV3, V2 - ViV3 = — V1V V3, V3 - ViV = V1VWoV3,
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A counter-example

We define the nonzero products on A, as follows v,.2 =1fori=1,2,3 and

wi-wr =14 vivowg

Vi WoVv3 = ViV V3, Vo - ViV3 = —ViWo V3,
2 _ 2

Vi Wg = Viwg,
Vi - V2Ws = V1V2 Ws,

Vi s WiW2 = Viwiwp,
Vi ViWiWpy = W1 Wo,

Vo - V3Ws = Vo V3Ws, Vit ViViWs = VjWs,

FAGG (UdeA)
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V3 - ViV = V1VWoV3,
2 _ .2
Vi s Viwg = wg,

Vi - V3Ws = V1V3Ws,




A counter-example

We define the nonzero products on A, as follows v,.2 =1fori=1,2,3 and
wi-wr =14 vivowg

Vi WoVv3 = ViV V3,

V2 - ViV3 = —ViWa V3, V3 - ViV = V1VWoV3,
_ 2 _ 2 2 2
Vi - WiWe = ViWwiWwap, Vi W = viwg, Vi Viw,

s — Ws,
Vi s Viwiwp = WiWwo, Vi V2Ws = V1V Ws, Vi - V3Ws = V1V3Ws,
V2 - V3Ws = VoV3Ws,  Vi- ViViWs = VjWs,
Ws - ViVj = ViViWs, Wi~ ViViWa = ViVj, W2 - ViVjWy = —V;Vj,

FAGG (UdeA)
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A counter-example

We define the nonzero products on A, as follows v,.2 =1fori=1,2,3 and
wi-wr =14 vivowg

Vi WoVv3 = ViV V3, Vo - ViV3 = —ViWo V3, V3 ViV = ViV V3,
Vi WiWo = ViWiWo, 7 W52 = v,-w_f, 7 V,'Ws2 = W52,
Vi ViWiWpy = W1 Wo, Vi VoWs = V1 Vo Ws, Vi V3Ws = V1 V3Ws,
V2 - V3Ws = Vo V3Ws, Vit ViViWs = VjWs,
Ws + ViVj = VjVjWs, Wy - ViViwe = V;Vj, W2 - ViViwy = —V;Vj,
wiows =3wE,  wi-wiws =2wws,  wy - wiwg = wi
wy - Wl3 = —3W12, wo - W1W22 = —W22, wo - W12W2 =2wiwo
W1~V1W22:—2V1W2, Wi ViWiWo = —VviWy,
W2-v1W12:—2v1W1, Wo - VWL Wo = VW,

l=wiow = §(W1W2 — wowy)
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A counter-example

it is easy to check that the superspace A with the multiplication above is
a Jordan superalgebra and the quotient superalgebra is isomorphic to
superalgebra of superform

.,4/./\/ %(F-1+F'V1+F-V2+F-V3)+(F-W1 +F-W2)e./\/’gC3/Cl.

FAGG (UdeA) The PWT for Jordan superalgebras with 1.



A counter-example

it is easy to check that the superspace A with the multiplication above is
a Jordan superalgebra and the quotient superalgebra is isomorphic to
superalgebra of superform

.,4/./\/ %(F-1+F'V1+F-V2+F-V3)+(F-W1 +F-W2)e./\/’gC3/Cl.

In particular, we have that
Ao/NogJ(Vo,f):F-l—l-F‘V1+1F-V2+F-V3

is a Jordan algebra.
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A counter-example

it is easy to check that the superspace A with the multiplication above is
a Jordan superalgebra and the quotient superalgebra is isomorphic to
superalgebra of superform

.,4/./\/ %(F-1+F'V1+F-V2+F-V3)+(F-W1 +F-W2)e./\/’gC3/Cl.

In particular, we have that
Ao/NogJ(Vo,f):F-l—l-F‘V1+1F-V2+F-V3

is a Jordan algebra.
Since the PWT s valid for Jordan algebras, then there exist v; € Ap such
that v; = v; mod Ny and v, =1, Vi-vi=01i#].
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A counter-example

it is easy to check that the superspace A with the multiplication above is
a Jordan superalgebra and the quotient superalgebra is isomorphic to
superalgebra of superform

.,4/./\/ %(F-1+F'V1+F-V2+F-V3)+(F-W1 +F-W2)e./\/’gC3/Cl.

In particular, we have that
Ao/NogJ(Vo,f):F-l—l-F‘V1+1F-V2+F-V3

is a Jordan algebra.
Since the PWT s valid for Jordan algebras, then there exist v; € Ag such
that v; = v; mod Ny and v;2 =1, Vi-v; =0i#j. We assume v; = v;.
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A counter-example

(A/N) = F-w +F-w

If the PWT is valid for A then there exists elements wi, wo» € A; such
that ws = ws and wy - wo = 1, ws - v; = 0.
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A counter-example

We recall that
N1 = Vect { viws, vivaws, vivaws, vavaws, wS, w2w;), and we can adopt
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A counter-example

We recall that

N1 = Vect { viws, vivaws, vivaws, vavaws, wS, w2w;), and we can adopt
wi = w; + ZUJGJ\G W,

FAGG (UdeA)
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A counter-example

We recall that

N1 = Vect { viws, vivows, V1 vaWs, Vovaws, wo, w2w;), and we can adopt
wi = w; + Zwe/\fl W,
Now, it is possible to prove that

~ 2 2
wyp = wy + a11W13 + 1wy wo + azitwiws, + a41W23

2 2
Wy = wo + a12W13 + apowiwp + azpowiwy + a42W23

, but viwov3 is a non zero
vector.
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A counter-example

We recall that

N1 = Vect { viws, vivaws, vivaws, vavaws, wS, w2w;), and we can adopt
wi = w; + Zwe./\/] oW,
Now, it is possible to prove that

wy = wy + a11W13 + 1wy wo + aztwiws, + a41W23
Wo = wo + a12W13 + apowiwp + azpowiwy + a42W23

therefore wy - wp = 1

, but viwov3 is a non zero
vector.
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A counter-example

We recall that wq - wo =1+ viwvowg

~ 2 2
wy = wy + a11W13 + 1wy wo + aztwiws, + a41W23

—~ 2 2
Wy = wo + a12W13 + aqpowiwp + azowiwy + a42W23

therefore wy - wp =1 if and only if vivavs = 0, but vivavs is a non zero
vector.
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