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THE CAYLEY-DICKSON PROCESS

Let K be a real conjugation algebra, and define a multiplication on
K2 = K+ hK (a = £1) by

P=aeRCK
x(hy) = h(xy), (hx)y = h(yx), (hx)(hy) = ayx
Then K2 is a conjugation algebra, and
K2

o is commutative <= K =R;

K2 is associative <= K is commutative;

K2 is alternative <= K is associative
— K2 is a composition algebra
— K2 is a division algebra

if « = —1 and K is a division algebra.
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THE MAGIC SQUARE

Let K be a real composition algebra, J a real Jordan algebra with
identity and compatible inner product. Tits defined a bracket on

T(K,J) = DerK + Der] + K' ® J/

(A" = subspace of A orthogonal to 1) which yields a Lie algebra if
either K is associative or J satisfies a certain cubic identity.

Taking K = Ky, J = H3(K3) gives



N ¢ M © ‘
R 00B3) | w(@ p® | 3,

(| wl m@ow® | wE | e
H | @ w© so(2) | ey
© G R L& e
M%‘x.’ Lo Exyplimal Li ddgehens

2.

s



IR N % R c H © ‘
Deck, | N
o |Rr 006) | w() o | J,
0 C w(3) | mB) e m@) | m(e) e,
n@ | H | e | w® s0(12) ey
J | O & % & | @
M%‘x' L Exggliead Li agebens

2.

Symasley




THE SYMMETRY
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INTRINSIC CLASSIFICATION THEOREM

Theorem (Allison)

Let g be a simple Lie algebra containing a subalgebra su(2) whose
adjoint action on g decomposes it into 1, 3 and 5-dimensional
submodules. Then

g=Tri(A) +34

for some structurable algebra A.

Structurable algebras have been classified and include tensor
products K; ® Ky of composition algebras.
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THE FIRST ROW
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THE SECOND ROW

T(C,J) = DerJ + 1J
= Str'J

For J = H3(K),
Str' J = sl(n,K)
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MAKING THE SPLIT

Suppose K; and K are positive definite composition algebras, K
the split form of K. Then L3(Ky,K,) and L3(Ky, K,) contain
non-compact Lie algebras. These can be identified by their
maximal compact subalgebras.
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Maximal compact subalgebras of L3(K1, K)
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Maximal compact subalgebras of L3(H~{1,K2)

Theorem Barton and AS
The maximal compact subalgebra of the non-compact magic

square algebra L3(]I~§1 ®@Kjy) is L3(F1 ® Kp) +F}, where Fy is the
division algebra preceding K; in the Cayley-Dickson process.



Maximal compact subalgebras of L3(K1, K)
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containing

_J c | H
C || so(4) su(4)
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which are the compact forms of

LR | cC
R || so(4) su(4)
C || sl(3,R) | sl(4,C)
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Theorem The maximal compact subalgebra of L3(]I~§1,E~{2) is
L4(F1,TF2) where F; is the division algebra preceding KK; in the
Cayley-Dickson process.
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DEFINING THE 2 x 2 MAGIC SQUARE

Tits's construction T(Kj, H2(K)) gives a Lie algebra only if K; is
associative. But in that case

L(K1,Kp) = s0(Ky) + DerHa(K3) + Kll X Hé(Kz)
which is also a Lie algebra if K; = Q. Then

Lz(Kl, Kz) = EO(Kl ©® Kz)
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