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Some results on nonassociative polynomials

Let / be a set of multihomogeneus polynomials in the free non associative
algebra K[X].

Let f(x1,...,x;) € I, with degree degf = hy + ... + h; and homogenous
degree in the variable x;, deg,,f = h; > 1fori=1,..., 1.
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Some results on nonassociative polynomials

Let / be a set of multihomogeneus polynomials in the free non associative
algebra K[X].

Let f(x1,...,x;) € I, with degree degf = hy + ... + h; and homogenous
degree in the variable x;, deg,,f = h; > 1fori=1,..., 1.

Let fjj(x1, ..., x;, y) be a component of f(x1,...,Xi—1,Xi + ¥, Xi+1, ..., x1) of
degree j in the variable y, foreach i =1,...,/ and j =1, ..., h;, then

Q |If charK > hj or charK =0 then f; € (f);j =1,..., h;.

@ If charK > (’J”) or charK =0 then f € (f;);j =1,..., h;.
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degree in the variable x;, deg,,f = h; > 1fori=1,..., 1.

Let fjj(x1, ..., x;, y) be a component of f(x1,...,Xi—1,Xi + ¥, Xi+1, ..., x1) of
degree j in the variable y, foreach i =1, ...,/ andj =1,..., h;, then

Q |If charK > h;j or charK = 0 then f;; € (f);j =
Q If charK > (’J”) or charK = 0 then f € (f;);j = h;.

Hence, if charK > h; or charK = 0 then (f) = (f;);j =1,..., h;.
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Some results on nonassociative polynomials

Let / be a set of multihomogeneus polynomials in the free non associative
algebra K[X].

Let f(x1,...,x;) € I, with degree degf = hy + ... + h; and homogenous
degree in the variable x;, deg,,f = h; > 1fori=1,..., 1.

Let fjj(x1, ..., x;, y) be a component of f(x1,...,Xi—1,Xi + ¥, Xi+1, ..., x1) of
degree j in the variable y, foreach i =1, ...,/ andj =1,..., h;, then

Q |If charK > h;j or charK = 0 then f;; € (f);j =

Q If charK > (’J”) or charK = 0 then f € (f;);j = h;.

Hence, if charK > h; or charK = 0 then (f) = (f;);j =1,..., h;.
From the set / of multihomogeneus polynomials we can construct a set /;

of multilinear homogenous polynomials by an iterated use of the procedure
to obtain from each f the fu’s
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Some results on nonassociative polynomials

If charK > degy,f or charK = 0 then (f) = (f;), j =1, ..., hj, and we see
that the ideal generated by the set /; of linearized equations, obtained
from the iterated use of f — f;;, coincides with the ideal generated by /.

Hence, under the constraint (charK > degy,f,Vf(x1,....,x;) € [,i=1,...,1)
or charK = 0 the construction starting from (/) or from (/) are equivalent.
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n—ary I-modules over an n—ary algebra

Let (A,(-,---,-)a) be an n-ary algebra over K. The algebra belongs to
the variety generated by the set of multihomogeneous n-ary
identities /, i.e., A€ V().
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n—ary I-modules over an n—ary algebra

Let (A,(-,---,-)a) be an n-ary algebra over K. The algebra belongs to
the variety generated by the set of multihomogeneous n-ary
identities /, i.e., A€ V().

A K-space M is an n—ary /-module over A if there are n multilinear
compositions P, : Ai71 x M x A"~ — M that send

(a1, .y 3t—1, M, At 41, ..oy an) — (31, ooy @t—1, M, 3t41, ..y An)ay, VE=1,....n,

such that A@ M € V(/), i.e. for each f(xi,...,x;) € | we have
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n—ary I-modules over an n—ary algebra

Let (A,(-,---,-)a) be an n-ary algebra over K. The algebra belongs to
the variety generated by the set of multihomogeneous n-ary
identities /, i.e., A€ V().

A K-space M is an n—ary /-module over A if there are n multilinear
compositions P, : Ai71 x M x A"~ — M that send

(a1, .y 3t—1, M, At 41, ..oy an) — (31, ooy @t—1, M, 3t41, ..y An)ay, VE=1,....n,
such that A@ M € V(/), i.e. for each f(xi,...,x;) € | we have
7,-1(31, wyan,m)=0 Vay,...,a, € A and Vme M,

where El(xl, ...y Xn, y) is the identity obtained from fi1(x1, ..., X, ¥), by
replacing (vi, ..., Vn)a by (v1, ..., Vn)a, Whenever y appears in the term v;
and by (vi, ..., v,)s whenever y does not appear in any of the terms

Vi,---y Vn.
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n—ary I-modules over an n—ary algebra

We call the linear map £ : M — A an equivariant map whenever

5((317 ceeydt—1, M, dt41, ... an)at) - (ala ceey at—lag(m)7 At41y o0y an)37

forallt=1,...,n
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We call the linear map £ : M — A an equivariant map whenever
5((317 ceeydt—1, M, dt41, ... an)at) - (ala ey dt—1, g(m)7 At41y o0y an)37

forallt=1,...,n

Let M be an n—ary I-module over A, with multilinear compositions
P.a;t=1,...,n, and let £ : M — A be a surjective equivariant map.
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n—ary I-modules over an n—ary algebra

We call the linear map £ : M — A an equivariant map whenever
5((317 ceeydt—1, M, dt41, ... an)at) - (ala ey dt—1, g(m)7 At41y o0y an)37
forallt=1,...,n

Let M be an n—ary I-module over A, with multilinear compositions
Pa;t=1,....n, and let £ : M — A be a surjective equivariant map.
We define the following n-ary products in M, {-,...;-}s : M" — M, for
Vt=1,...,n, by

{my,....mp}a = (&(m1),...,E(mMe—1), me, E(Mey1), .., E(Mn)) ;-
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We call the linear map £ : M — A an equivariant map whenever
5((317 ceeydt—1, M, dt41, ... an)at) - (ala ey dt—1, g(m)7 At41y o0y an)37

forallt=1,...,n

Let M be an n—ary I-module over A, with multilinear compositions
Pa;t=1,....n, and let £ : M — A be a surjective equivariant map.
We define the following n-ary products in M, {-,...;-}s : M" — M, for
Vt=1,...,n, by

{m1> ) mn}at = (£(m1), SR g(mtfl)v me, g(mt+1)7 ) g(mn))at'

From the property of the equivariant function we have, for all t =1, ..., n,
that

5({[7‘11, ) mn}at) = (f(ml)v a g(mt—l)v g(mt)’ f(mH—l)) X3 f(mn))a-
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n—ary I-modules over an n—ary algebra

Hence, the products in M satisfy the following set of identities for
i=1,..,n,:

{m17 to 7mj—17{ S1y -y Sn}aty mjyq, ..., mn}a,-

:{m1> e, Mg, { S1yeey Sn}3r7 mjy1,, mn}a;a (ldOI)

where j #£ i, for all j, t,r € {1,2,...,n}.
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n—ary I-modules over an n—ary algebra

Hence, the products in M satisfy the following set of identities for
i=1,..,n,:

{m17 to 7mj—17{ S1y -y Sn}aty mjyq, ..., mn}a,-

:{m1> e, Mg, { S1yeey Sn}3r7 mjy1,, mn}a;a (ldOI)

where j #£ i, for all j, t,r € {1,2,...,n}.

That is, a product {si,...,Sy}a, as an entry in a position different from the
i-th in {-,...,-} can be exchanged by {si,...,5,},, forany t,r =1,....n.

An iterated use of this property leads to the conclusion that any products
involved in an entry different from the /-th in a product of the form

{-, ..., }a;can be changed by any other type of products as long as their
arguments are kept fixed. The identities (Idp1), ..., (Idg,) are called the set
of O-th identities.
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The algebra M with the n different n-ary products
(M;{-y ooy Fags oo {05 ooy - Ja,) fulfills, besides the O-th identities, for each
f € 1, the identities ?,-l(xl, .., X, y) obtained from f;1(x1, ..., x;, y) by
replacing

Q (s )a, by {+,., 3o, VE=1, .00

Q@ (..., ')a by {+, ..., }a (it can be replaced by any {,..., -}, since the
0-th identities hold).
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The algebra M with the n different n-ary products
(M;{-y ooy Fags oo {05 ooy - Ja,) fulfills, besides the O-th identities, for each
f € 1, the identities ?,-l(xl, .., X, y) obtained from ?,-1(x1, ey X1, y) by
replacing
Q@ (,..,)a by { ., }a, VE=1,...0n
Q@ (..., ')a by {+, ..., }a (it can be replaced by any {,..., -}, since the
0-th identities hold).

Hence, (M;{-, ..., }a,, -, {"s .-, - }a,) belongs to the variety of n-ary
Loday algebras V(/) where

7 = {(Id()l), cee ,(/don)} U {?,'1(X17 ...,X/,y)|f(X1,...X/) el,i=1,.., /}
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The algebra M with the n different n-ary products
(M;{-y ooy Fags oo {05 ooy - Ja,) fulfills, besides the O-th identities, for each
f € 1, the identities ?,-l(xl, .., X, y) obtained from ?,-1(x1, ey X1, y) by
replacing
Q@ (,..,)a by { ., }a, VE=1,...0n
Q@ (..., ')a by {+, ..., }a (it can be replaced by any {,..., -}, since the
0-th identities hold).

Hence, (M;{-, ..., }a,, -, {"s .-, - }a,) belongs to the variety of n-ary
Loday algebras V(/) where

7 = {(Id()l), cee ,(/don)} U {?,'1(X17 ...,X/,y)|f(X1,...X/) el,i=1,.., /}

By an argument analogous to the binary algebras case we verify that M
belongs to the generalized variety of n-ary Loday algebras V(//F) obtained
by the generalized KP algorithm whenever

charK > deg,f, forall fe&l, or charK =0,

where /| is a multilinear set of identities such that (/) = (/).
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

According to the KP algorithm, given a multilinear polynomial identity
ff(X;[7 .

,Xx;) € I, we obtain an identity f- in IL KP foreachi=1,....1
through the following procedure:
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

According to the KP algorithm, given a | muIt|I|near polynomial identity
f(x1,...,x;) € I, we obtain an identity f- in l foreach i=1,..../
through the following procedure:

@ For each adopted i € {1,...,/} we substitute the n—-ary products in
f(my,...,m;); my,...,m € M with the n-ary products in M,
{y--+,}a, - {, -, }a, to obtain f; using the rules:
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

According to the KP algorithm, given a | muIt|I|near polynomial identity
f(x1,...,x;) € I, we obtain an identity f- in l foreach i=1,..../
through the following procedure:

@ For each adopted i € {1,...,/} we substitute the n—-ary products in
f(my,...,m;); my,...,m € M with the n-ary products in M,

{y--+,}a, - {, -, }a, to obtain f; using the rules:

o If m; occurs within the j-th entry v; of an n—ary product {vi, -, v,}a,
we replace it by {vi, -+, Va}a.

e If m; doesn't occur within any of the arguments of an n—ary product
{vi,-++, Vn}a, we replace it by {vq,---, v,}s when m; occurs in the
monomial to the left of the product {vi, -, v,}, and we replace it by
{v1, -+, Va}as, Wwhen m; occurs in the monomial to the right of
{Vla T Vn}a-

@ We also include the 0-th identities (/do1), - - - , (Idon)-
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

According to the KP algorithm, given a | muIt|I|near polynomial identity
f(x1,...,x;) € I, we obtain an identity f- in l foreach i=1,..../
through the following procedure:

@ For each adopted i € {1,...,/} we substitute the n—-ary products in
f(my,...,m;); my,...,m € M with the n-ary products in M,

{y--+,}a, - {, -, }a, to obtain f; using the rules:

o If m; occurs within the j-th entry v; of an n—ary product {vi, -, v,}a,
we replace it by {vi, -+, Va}a.

e If m; doesn't occur within any of the arguments of an n—ary product
{vi,-++, Vn}a, we replace it by {vq,---, v,}s when m; occurs in the
monomial to the left of the product {vi, -, v,}, and we replace it by
{v1, -+, Va}a, when m; occurs in the monomial to the right of
{Vla T Vn}a-

@ We also include the 0-th identities (/do1), - - - , (Idon)-

Now, since f is multilinear, f(x1,...,x;) = fir(X1, ooy Xi—1, 0y X415 «vy X1, Xi).
Let us see that fj;(my, ..., mi—1,0, mj;1, ..., m;, m;) coincides with
f,-(ml,...,m,).
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

Observe that
fir(mi,...,mi_1,0, miy1, ..., m;, m;)

is obtained from
fin(§(m1), ..., E(mi-1),0,§(mit1), ..., E(my), my),

after we perform the substitutions:
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Observe that
fir(mi,...,mi_1,0, miy1, ..., m;, m;)

is obtained from
f}l(g(ml)a ceey g(mi—1)7 07 g(mi—i-l); ceey g(m/)7 mf)a
after we perform the substitutions:

° {5(771)7 EREE) 5(”]-1)7 t, 5(77j+1)a [RXX) £(nn)}a by

{m,...,mj—1, t,Mj+1, .-, Mn}a. When m; occurs within the factor t.
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Observe that
fir(mi,...,mi_1,0, miy1, ..., m;, m;)

is obtained from
f}l(g(ml)a ceey g(mi—1)7 07 g(mi—i-l); ceey g(m/)7 mf)a
after we perform the substitutions:

° {5(771)7 EREE) 5(”]-1)7 t, 5(77j+1)a [RXX) £(nn)}a by

{m,...,mj—1, t,Mj+1, .-, Mn}a. When m; occurs within the factor t.

o {&(m), -+ ,&(mn)}a by E({m1,- -+ ,Mn}a, ), when m; does not occur
within any of the n;’s factors. Actually, we can substitute it by any
E{m, -+ ,nn}aj) due to the properties of the equivariant function.
We adopt substituting by £({n1, - ,mn}as ) Wwhen m; occurs to the
left and by £({m1,- - ,7n}as,) when m; occurs to the right of the
considered product.
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

Observe that
fir(mi,...,mi_1,0, miy1, ..., m;, m;)

is obtained from

f}l(g(ml)a ceey g(mi—l)a 07 g(mi—i-l); ceey g(m/)7 mf)a
after we perform the substitutions:

° {5(771)7 EREE) 5(”]-1)7 t, 5(77j+1)a [RXX) £(nn)}a by

{m,...,mj—1, t,Mj+1, .-, Mn}a. When m; occurs within the factor t.

o {&(m), -+ ,&(mn)}a by E({m1,- -+ ,Mn}a, ), when m; does not occur
within any of the n;’s factors. Actually, we can substitute it by any
E{m, -+ 777n}aj) due to the properties of the equivariant function.
We adopt substituting by £({n1, - ,mn}as ) Wwhen m; occurs to the
left and by £({m1,- - ,7n}as,) when m; occurs to the right of the
considered product.

We observe that under these substitution we get

fi(my ey my) = Fa(ma, ooy mi—1,0, mit1, ..o my, my)

0.P. Salazar’, R.E. Velasquez?, L.A. Wills— i simple approach to n-ary Loday algebras August 12, 2013 11 /26



Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

The 0-th identities assert that the label of a product within an entry
different from the i-th of a product {-,--- ,-}, can be changed arbitrarily.
Hence, only when m; is within one of the factors, the prescription is tight

in regards to which product to use, and such prescription coincides in both
schemes. So,

ﬁ(mly 3] m/) = ?il(ml) ey Mi—1, 07 mi+17 -y My, mi)

0.P. Salazar!, R.E. Vela’squez2
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The 0-th identities assert that the label of a product within an entry
different from the i-th of a product {-,--- ,-}, can be changed arbitrarily.
Hence, only when m; is within one of the factors, the prescription is tight

in regards to which product to use, and such prescription coincides in both
schemes. So,

ﬁ(mly 3] m/) = ?il(ml) ey Mi—1, 07 mi+17 -y My, mi)

Hence, since

To= {F1(x1, ooy xi—1, 0, xip1, X1, V)| € Iy i =1, 1} U{(Ido1), - -, (clon)}
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The 0-th identities assert that the label of a product within an entry
different from the i-th of a product {-,--- ,-}, can be changed arbitrarily.
Hence, only when m; is within one of the factors, the prescription is tight

in regards to which product to use, and such prescription coincides in both
schemes. So,

ﬁ(mly 3] m/) = ?il(ml) ey Mi—1, 07 mi+17 -y My, mi)

Hence, since
o= {Fi(xt, ooy Xie1, 0, Xit1, x1, Y)|F € I, i =1, ., 1Y U{(Ido1), - - -, (Idon)}
it coincides with

1P = {f(xet, oo x| F (15 o xt) € Iy i =1, 1Y U {(Ido1), - - -, (Idon)}
then V(1) = V(IXP).
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Equivalence to the Kolesnikov-Pozhidaev generalized algorithm

The 0-th identities assert that the label of a product within an entry
different from the i-th of a product {-,--- ,-}, can be changed arbitrarily.
Hence, only when m; is within one of the factors, the prescription is tight
in regards to which product to use, and such prescription coincides in both
schemes. So,

fi(my,....m) = ? 1(my,...,mi—1,0, mjy1, ..., my, m;)
Hence, since
o= {Fi(xt, ooy xie1, 0, xie1, xp, Y| F € I, i =1, ., 1 U{(Jdop), - - -, (Idon)}
it coincides with

P = {i(xts s )| F X1 oy xt) € Iy i =1, o, 1Y U {(Ido1), - -+, (Idon)}
then V(1) = V(IXP).
Lemma

Let charK > degy,f, for all f(x1,...,x;) € | and i =1,...,1, or charK = 0.
Then the varieties defined through the IL—bimodule and the equivariant
map are identical, that is V(IKP) V().
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n—ary I-modular structure of generic n-ary Loday algebras

There remain to verify that how to associate an n-ary algebra in V(/) to
each n-ary Loday algebra M € V(I[(P) so that M is an n-ary /-module
over that algebra, and associate to it an equivariant function.

More concretely, if we defined
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n—ary I-modular structure of generic n-ary Loday algebras

There remain to verify that how to associate an n-ary algebra in V(/) to
each n-ary Loday algebra M € V(I[(P) so that M is an n-ary /-module
over that algebra, and associate to it an equivariant function.

More concretely, if we defined

Ann(M) := ({{n1, -, Mn}a; = AN - Mt 1M1, s € Mii,j =1,...,n})

and
Zg(M) = {t € M|{{m, ..., s, t;Ns+1s---sNn}2 = 0,

nj €M, i,s,je{l,..,n},s#i},

we have the following results
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n—ary I-modular structure of generic n-ary Loday algebras

There remain to verify that how to associate an n-ary algebra in V(/) to
each n-ary Loday algebra M € V(I[(P) so that M is an n-ary /-module
over that algebra, and associate to it an equivariant function.

More concretely, if we defined

Ann(M) := ({{n1, -, Mn}a; = AN - Mt 1M1, s € Mii,j =1,...,n})
and
ZB(M) = {t e M|{{7717 "'77757 t7 T]S-‘rlv '“777!7}3,‘ = 07
nj €M, i,s,je{l,..,n},s#i},

we have the following results
Theorem

Let M € V(TLKP) be an n-ary Loday algebra. Then Ann(M) and Zg(M)
are ideals in M such that Ann(M) C Zg(M), M is an n—ary I-module
over M := M/Ann(M) and over M := M/Zg(M) and the canonical maps
M — M and M — M are equivariant maps.
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n—ary I-modular structure of generic n-ary Loday algebras

Lemma

Let M € V(?LKP) be an n-ary Loday algebra. If the products in M were
constructed from M as an n—ary I.-module over the algebra A € V(Iy)
with the equivariant map & : M — A, then Jg := £~1({0}) is an ideal of M
such that Ann(M) C Jg C Zg(M) and M/J: = A as a n-ary algebra.
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n—ary I-modular structure of generic n-ary Loday algebras

Lemma

Let M € V(?LKP) be an n-ary Loday algebra. If the products in M were
constructed from M as an n—ary I.-module over the algebra A € V(Iy)
with the equivariant map & : M — A, then Jg := £~1({0}) is an ideal of M
such that Ann(M) C Jg C Zg(M) and M/J: = A as a n-ary algebra.

Example: Jordan triple system
Consider T € V(I)

{xy. 2} ={zy.x}
(TJ1)

{x,y{z,u,v}} ={{x,y,z}u,v} = {z,{y, x, u}v} + {z,u, {x,y, v}}
(TJ2)

To describe ternary /-modules over T, consider the multilinear
compositions

0.P. Salazar’, R.E. Velasquez?, L.A. Wills— N simple approach to n-ary Loday algebras August 12, 2013 14 / 26




n—ary I-modular structure of generic n-ary Loday algebras

MxTxT—=M (m, a, b) — (m,a, b)1
TXxMxT—M (a, m, b) — (a, m, b)2
TXTxM—>M (a, b, m) — (

such that T @& M € V(/) with product
{a&m b n,c®s}={a,b,c} & ((a,b,5)1 + (an )+ (m b,c)s).
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n—ary I-modular structure of generic n-ary Loday algebras

MxTxT—=M (m, a, b) — (m,a, b)1
TXxMxT—M (a, m, b) — (a, m, b)2
TXTxM—>M (a, b, m) — (

such that T @& M € V(/) with product

[ m, b n,c®s} = {a,b,c} @ ((a,b,s)s + (3,n,¢)s + (m, b, )a).
Identity (TJ1) implies

(a,b,5)3 = (s, b,a)1 (TJL1a)
(a,m,c)2 = (c,m, a)2 (TJL1b)
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n—ary I-modular structure of generic n-ary Loday algebras

MxTxT—=M (m, a, b) — (m,a, b)1
TXxMxT—M (a, m, b) — (a, m, b)2
TXTxM—>M (a, b, m) — (

such that T @& M € V(/) with product
{a@m,bn,cos) = {ab.c} & ((ab,s) +(an, )2+ (m,b,c)a).
Identity (TJ1) implies

(a,b,5)3 = (s, b,a)1 (TJL1a)
(a,m,c)2 = (c,m, a)2 (TJL1b)

Hence, there are only two independent multilinear compositions (-, -, -)1
and (-, -, )2, and the later only is symmetric w.r.t. the exchange of the
first and last arguments.
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n—ary I-modular structure of generic n-ary Loday algebras

Identity (T7J2) implies

(m,a,{b,c,d})1 =((m,a, b)1,c,d)1 — (b, (a,m, )2, d)2

+((m, a,d)1, ¢, b)1, (TJL23)
(a,m,{b,c,d})>» =((a, m, b)2, c,d)1 — (b,(m, a,c)1,d)2

+ ((a, m, d)2, c, b)1, (TJL2b)
((m,c,d)1,b,a)1 =((m, b,a)1,c,d)1 — (m,{c,a, b}, d)1

+ (m, c,{d, b, a})1, (TJL2c)
((c,m,d)2,b,a)1 =({c, b,a},m,d)2 — (c,(m, a, b)1,d)2

+ (¢, m,{d, b, a})2, (TJL2d)
((m,d,c)1,b,a)1 =((m, b,a)1,d,c)1 — (m,{d,a, b}, c)1

+ (m,d,{c,b,a},d, ), (TJL2e)
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n—ary I-modular structure of generic n-ary Loday algebras

Identity (T7J2) implies

(m,a,{b,c,d})1 =((m,a, b)1,c,d)1 — (b, (a,m, )2, d)2

+((m, a,d)1, ¢, b)1, (TJL23)
(a,m,{b,c,d})>» =((a, m, b)2, c,d)1 — (b,(m, a,c)1,d)2

+ ((a, m, d)2, c, b)1, (TJL2b)
((m,c,d)1,b,a)1 =((m, b,a)1,c,d)1 — (m,{c,a, b}, d)1

+ (m, c,{d, b, a})1, (TJL2c)
((c,m,d)2,b,a)1 =({c, b,a},m,d)2 — (c,(m, a, b)1,d)2

+ (¢, m,{d, b, a})2, (TJL2d)
((m,d,c)1,b,a)1 =((m, b,a)1,d,c)1 — (m,{d,a, b}, c)1

+ (m,d,{c,b,a},d, ), (TJL2e)

TheNIast identity is not independent, it is TJL2c after theNexchange c <+ d.
So, I :={(TJL1a),(TJL2a),--- ,(TJL2d)}, and M € V(I) the variety of
ternary /I-modules over A.
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n—ary I-modular structure of generic n-ary Loday algebras

Consider a surjective equivariant map £ : M — T, such that:
g((ma a, b)l) - {g(m)v a, b}7
5((3, m, b)2) = {a? f(m), b}
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n—ary I-modular structure of generic n-ary Loday algebras

Consider a surjective equivariant map £ : M — T, such that:
g((ma a, b)l) - {g(m)v a, b}7
5((3, m, b)2) = {a? f(m), b}

We define the products in M:
{m, n,r}1:=(m,&(n),&(r)),
{m, n,r}s = (£(m),n,&(r))2,
{m’ n, r}3: (5( ) (n)>r)3
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n—ary I-modular structure of generic n-ary Loday algebras

Consider a surjective equivariant map £ : M — T, such that:
g((ma a, b)l) - {g(m)v a, b}7
5((3, m, b)2) = {a? f(m), b}

We define the products in M:
{m, n,r}1:=(m,&(n),&(r)),
{m, n,r}s = (£(m),n,&(r))2,
{m’ n, r}3: (5( ) (n)>r)3

From TJT1la we obtain

{m,n,r}z ={r,n,m}y,
and so there are only two independent products.
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n—ary I-modular structure of generic n-ary Loday algebras

Now, from

&((m, &(n), &

(
{&(m), &(n), €(n)},

it follows

5({m7 n, r}l) = f({mv n, r}2) = 5({[‘, n, m}l)
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n—ary I-modular structure of generic n-ary Loday algebras

Now, from

&((m, £(n), &(r))1) = £((&(m), n, £(r))2) = £((£(m), £(n), r)3) =
{&(m), &(n), £(r)},

it follows

5({m7 n, r}l) = f({mv n, r}2) = 5({[‘, n, m}l)
From this it follows the O-th identities:

{m,{n,r;s}1,t} 1 ={m,{n,r s}, th

={m,{s,r,n}1,t}1, (Ido1)
{m,n,{r,s,t}1}1 ={m,n{r,s, t}oh

={m,n,{t,s, r}1}1, (Idoz)
{{m,n,r}i,s, tho ={{m,n,r}a, s, t}

= {{r,n,m}y,s, t}o. (Ido3)
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n—ary I-modular structure of generic n-ary Loday algebras

Now, from

&((m, £(n), &(r))1) = £((&(m), n, £(r))2) = £((£(m), £(n), r)3) =
{&(m), &(n), £(r)},

it follows

5({m7 n, r}l) = f({mv n, r}2) = 5({[‘, n, m}l)
From this it follows the O-th identities:

{m,{n,r;s}1,t} 1 ={m,{n,r s}, th

={m,{s,r,n}1,t}1, (Ido1)
{m,n,{r,s,t}1}1 ={m,n{r,s, t}oh

={m,n,{t,s, r}1}1, (Idoz)
{{m,n,r}i,s, tho ={{m,n,r}a, s, t}

= {{r,n,m}y,s, t}o. (Ido3)

Now, from the identity TJM1b:
{m,n,r}» ={r,n,m}y.  (TJL1b)
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n—ary I-modular structure of generic n-ary Loday algebras

Finally, from the identities (TJM2a),--- ,(TJM2d) we obtain the
identities:

{m,n{r,;s,t}1i}1 ={{m,n,r}1,s, t}1 — {r,{n,m,s}o, t}>
+{{m,n,t}1,s,r}1, (TJL2a)

{n,m,{r,s,t}1}o ={{n,m,r}a,s,t}1 — {r,{m,n,s}1, t)2
+ {{n,m, t}a,s,r},

HUm,n,ria, s, th ={{m,s, t}1,n,r}s —{m,{n,t,s}1,rh
+{m,n,{r,s, th1}1, (TIM2c)

{{n,m,r}a, s, t}s ={{n,s, t}1,mr}o —{n,{m, t,s}1,r}>
+{n,m,{r,s, t}i}a, (TIM2d)

(TJL2b)
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n—ary I-modular structure of generic n-ary Loday algebras

Finally, from the identities (TJM2a),--- ,(TJM2d) we obtain the
identities:

{m,n{r,;s,t}1i}1 ={{m,n,r}1,s, t}1 — {r,{n,m,s}o, t}>

+{{m,n,t}1,s,r}1, (TJL2a)
{n,m,{r,s,t}1}o ={{n,m,r}a,s,t}1 — {r,{m,n,s}1, t)2
+{{n,m,t}2,s,r}1, (TJL2b)
{{m,n,r}1, s, th ={{m,s, t}1,n,r}1 — {m{n,t,;s}1,rh
+{m,n,{r,s, th1}1, (TIM2c)
{{n,m,r}a, s, t}s ={{n,s, t}1,mr}o —{n,{m, t,s}1,r}>
+{n,m,{r,s, t}i}a, (TIM2d)

Hence, (M; {-,,-}1,{,~ -}2) € V(I), with
I := {(Ido1), (ldo2), (Ido3)} U {(TJL1a),(TJL2a),--- ,(TJL2d)}.
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n—ary I-modular structure of generic n-ary Loday algebras

Example

The n—ary Loday algebra of a generalized Leibniz n—algebra
let (LD) be the equation
[X17 C Xp—1, [}/Iu . ,)/n]]
= [[xt, - xo—1, y1s ya, - s yal + s IXe, - - Xa—1, 2l v3, 5 Vil
++ [YIv T Yn—1, [X17 T aXn—la)’n]]‘ (LD)
Sea | := {(LD)}, and L € V(I). This is the variety of generalized n-ary
Leibniz algebras. M is an n—ary /-module over L if there are multilinear
compositions for all a;, -+ ,a, € Aand me M:

Mx "1 s M (myaz,---,ap) — (mya2, - ,an)
LxMxL"™ M (a1,m, a2, ,an) > (a1, m a0, -+ ,an)2, -,
LY M — M (a1, yan-1,m) = (a1, ,an—1, M)n,

such that A@ M € V(I).
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n—ary I-modular structure of generic n-ary Loday algebras

So, the bilinear compositions satisfy 2n — 1 independent identities:
(m, as, - an—1, [b17 - 7bn])1
= ((m,az,---an—1,b1)1, b2, , bp)1
+(b1,(m, a2, --ap—1,b1)1, b3, -+ , bn)2
+--+ (b1, - bp—1,(myaz,---an—1,bp)1)n, (1.1)
(a1, m,a3,---an-1,[b1, -, bn])2
= ((a1,m,a3,---an—1,b1)2,b2,- -+, bp)1
+(b1, (a1, m, a3, - an—1,b2)2, b3, , bn)2
+---+ (b1, ,bp—1,(a1,m a3, - apn—1,bp)2)n, (1.2)

(ar, -+ ,an—2,m,[b1, -+, bp])n—1
= ((a1, -+ ,an—2,m, b1)n_1,b2,--- , bp)1
+(by1, (a1, -+ ;an—2,m, b2)p_1,b3,- - , by)2
+---+ (bl, <o bp_1, (.2117 <ee ,ap_2, M, bn)n—l)m (l.n)

Observe that each identity (1,/) has a term with a unique parenthesis
choice (no other identity has it) with outer bilinear composition (u, - - -

with a bilinear composition (., -- ,.); in its j—th entry.
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n—ary I-modular structure of generic n-ary Loday algebras

and the identities:
(a1, a2, --an—1,(m, b2,- -+, bp)1)n
= (a1, an—1,M)n, b2, ,bp)1 + (m, [a1,- - an—1, b1], b3, - - , bn)1
+---+ (m, by, - by_1, [31, as, - apn—1, bn])l7 (2.1)
(a1, a2, - ap—1,(b1, m b, - 7bn)2)n
:([alu"'an—lybl] m, b37... ) (bla(al)'"an—lam)n7b27"' 7bn)2
+(by,m, [a1,- - an— 1,b3] ba, -+ bn)o+---+
(bl, m, b37 s bn—l; [31, az, +-dp-1, n])27 (2.2)

(a1, a2, - an—1, (b1, b2, -+, bp—1,mM)n)n

= ([ala ©ctdn-1, b1]7 b27 ) bnfla m),-,) +
(b1,la1,---an—1,b2], b3, -+ , bp—1, M),

+- (bla b27 Tty b,,,g, [31, ©tdn-1, b,,,l], m)n +

(bl, b2, LRI bn—l; (31, s+ dp—1, m),,),,. (2.n)
Observe that each identity (2, /) has a term with a unique parenthesis
choice (no other identity has it) with outer bilinear composition (s, - - ,.);
with a bilinear composition (s, - ,.), in its j—th entry.
Hence, all the identities are independent.
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n—ary I-modular structure of generic n-ary Loday algebras

Consider now a surjective equivariant function £ : M — L such that for all
ai, - ,ap €L, and me M:

g((m7 92,7 a”)l) = [g(m)v a, an]v

£((a1, my a3, - -+, an)2) = [a1,€(m), a3, -+ ,an],- -,

5((317 az, -, dn—1, m)l) = [‘317 az, -, an—lag(m)]-

We define the n-ary products in M:

[m17 ma, .-, mn]l = (mlv‘f(m2)7 e 75(’”"))11

[m1, ma, -, mpla = (§(m1), ma, §(m3), - -+, §(mn))2,- -,
[m17 mp,.-+,Mp_1, mn]n = (f(ml), §(m2), t 7§(mnfl)a mn)n-
From the equivariance of £ we obtain the 0-th identities:

[m17 Tty Me—1, [7]17 T 777n]ra meg1,---, mn]i =

(M1, me1, [, Mnls Meg1s - Mol

Vt#i;, ti,r,se{l,---, n}.
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n—ary I-modular structure of generic n-ary Loday algebras

From the identities (1,/);j =1,---,n — 1, we obtain the identities:
[my,mo, - mp_1,[n1,- - ,nal1]1
= [[m1, m2, - mp_1,ml1,m2,- -+ ,nn)1 +
(01, [m1, m2, -~ mp_1,m2]1, 13, -, a2
+-o [7717 ©Mn—-1, [m17 my,--- mn—lv"?n]l]m (13-1)
[m17m27"'mn717[7717"‘ ,77n]1]2
= [[my, ma, - mp_1,ml2,m2,- -+ ,0a1 +
[771? [mlv my, - Mp—1, 772]2a TR a77n]2
+---+ [7717 *Nn—1, [m17 my,--- mn—lﬂ’ln]2]n7 (132)

[[m17 s, Mp—1, [7717 T ;nn]l]n—l
= [[m1,- s mn—1,m]n-1,72, ;Mn]1 +
[71, [mas - s ma—1,m2ln—1,m3, - -+ 72
+- [7717 *TMn—1, [m17 e )mn—lynn]n—l]n- (13"7 - 1)

Observe that each identity (1a,/) has a term with a unique parenthesis

choice (no other identity has it) with outer n-ary product [.,--- ,.]; with a

n-ary product [.,--- ,.]; in its j—th entry.
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n—ary I-modular structure of generic n-ary Loday algebras

From the identities (2,);j = 1,---, n, we obtain the identities:

[my,mo,---mp_1, [, ,nnl1ln
= [[my,ma, - mp_1,m]n, M2, a1 +
(71, [m1, ma, - - mp_1,m2]1,m3, - ;a1
+-o [0, a1, (M1, mo, - ma1,mala)n, (2a.1)
[my,mo,---mp_1,[n1,- - ,nl2]n
= [[my,mz, - mup_1,ml1,m2, - . nn)2 +
[7717 [m17m27"'mn—17772]n77737"' 777n]2
+[ny,m2, [my, mo, - mp_1,m3le,mas a2 4 F
1, N—1, [M1, Mo, - mp_1,ma]1]2,  (2a.2)

[m17 Tt 7mn—17 [7]17 T ;nn]n]n

=[[m1, -, ma_1,ml1, M2, Oaln+[01, [m1, -+, Mp—1,m2]1,m3, - - -

+eee [7717 oy Mn=2, [m17 e amn—1777n—1]1777n]n +
[nlv"'nn—la[m].)"' 7mn—1777n]n]n7 (23.”)

s Mnln

Observe that each identity (2a,/) has a term with a unique parenthesis

choice (no other identity has it) with outer n—-ary product [., - -
n—ary product [.,--- ,.|n in its j—th entry.
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n—ary I-modular structure of generic n-ary Loday algebras

Hence, the 2n — 1 identities ((1a,j) for j =1,--- ,n—1 and (2a,;) for
Jj=1,---,n) are independent, and

1 := set of 0-th identities union {(1a,j)j = 1,--- ,n— 1} union
{(2a,)|j =1,---,n} is set of identities fulfilled by

(Mo, yats e oo oaln).
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