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Introduction

Partial latin squares

Definition 1
A partial latin square (PLS) of order n is an n x n array of n symbols in

which each symbol occurs at most once in each row and column.
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v

Definition 2
A PLS of order n is called a latin square (LS) of order n if each cell is
nonempty.
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Introduction

Partial latin squares

Definition 1

A partial latin square (PLS) of order n is an n x n array of n symbols in
which each symbol occurs at most once in each row and column.

v

Definition 2

A PLS of order n is called a latin square (LS) of order n if each cell is
nonempty.

1 4 112|345
2 3 214|1/5|3
1 3 5/1(2|3|4

2 5 413|512

3 1 35421
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Completing PLS

Definition 3
A PLS P is called completable if there is a LS of the same order

containing P.
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Completing PLS

Definition 3
A PLS P is called completable if there is a LS of the same order
containing P.

3 112|1314|5

2 214(1]5]|3
1 3 5/1(2|3|4

5 2 413|512

3 35421
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When can a PLS be completed?
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1 3
2 3
2/4|13|5
5 2
3 1
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When can a PLS be completed?

1 3
2 3
2/4|13|5
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3 1

@ The problem of completing PLSs is NP-complete. (Colbourn,
1984)
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Completing PLS

When can a PLS be completed?

1 3
2 3
2/4|13|5
5 2
3 1

@ The problem of completing PLSs is NP-complete. (Colbourn,
1984)

@ A good characterization of completable partial latin square is
unlikely.
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Equivalent Objects

A PLS P of order nis a subset of [n] x [n] x [n] in which (r,c,s) € P if
and only if symbol s occurs in cell (r, c).
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Equivalent Objects

A PLS P of order nis a subset of [n] x [n] x [n] in which (r,c,s) € P if
and only if symbol s occurs in cell (r, c).

Jaromy Kuhl (UWF)

1 3
2
(2,1,2),(4,3,5) ¢ P
5
3
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Equivalent Objects

A LS of order n is equivalent to a properly n-edge-colored Kj, 5.
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Equivalent Objects

A LS of order n is equivalent to a properly n-edge-colored Kj, 5.

1123
L=|2]3|1
3112
Theorem 1 (Kdnig, 1916)
Let G be a bipartite graph with A(G) = m. Then x'(G) = m. J
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Introduction
Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].
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Let P € PLS(n) and S, be the symmetric group acting on [n].
Let@ = (OZ,B,')/) € Sn X Sn X Sn.
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Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].

Let@ = (OZ,B,')/) € Sn X Sn X Sn.
The PLS in which the rows, columns, and symbols of P are permuted
according to «, 3, and ~ respectively is §(P) € PLS(n).
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Let@ = (OZ,B,')/) € Sn X Sn X Sn.

The PLS in which the rows, columns, and symbols of P are permuted
according to «, 3, and ~ respectively is §(P) € PLS(n).

The mapping 6 is called an isotopism, and P and 6(P) are said to be
isotopic.
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Introduction
Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].

Let@ = (OZ,B,'Y) € Sn X Sn X Sn.

The PLS in which the rows, columns, and symbols of P are permuted
according to «, 3, and ~ respectively is §(P) € PLS(n).

The mapping 6 is called an isotopism, and P and 6(P) are said to be
isotopic.

1 3 3 1
2 3 2 1
P = 1 3 9(P) = 3 1
5 2 5 2
3 1 1 3
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Introduction
Isotopisms and Congujates

Let P € PLS(n) and S, be the symmetric group acting on [n].

Let@ = (OZ,B,'Y) € Sn X Sn X Sn.

The PLS in which the rows, columns, and symbols of P are permuted
according to «, 3, and ~ respectively is §(P) € PLS(n).

The mapping 6 is called an isotopism, and P and 6(P) are said to be
isotopic.

1 3 113
2 3 2 3
P= 1 3 0(P) =11 3
3] 2 5 2
3 1 3 1
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Introduction
Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.
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Introduction
Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.

1 1]2 4
2 3 1

P= 1 plre) —
4 1 3 1
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Introduction
Isotopisms and Congujates

The PLS in which the coordinates of each triple of P are uniformly
permuted is called a conjugate of P.

1 1]3 5
2 3 2
P=| |1 prs) 2
5
4 1
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Introduction
Isotopisms and Congujates

Theorem 2
A PLS P is completable if and only if an isotopism of P is completable. J
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Theorem 2
A PLS P is completable if and only if an isotopism of P is completable. J

Theorem 3
A PLS P is completable if and only if a conjugate of P is completable. J
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Classical Results
Hall’s Theorem

Theorem 4 (Hall's Theorem, 1940)

Letr,n e Z such thatr < n. Let P € PLS(n) with r completed rows and
n— r empty rows. Then P can be completed to a LS of order n.
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Classical Results
Hall’s Theorem

Theorem 4 (Hall's Theorem, 1940)

Letr,n e Z such thatr < n. Let P € PLS(n) with r completed rows and
n— r empty rows. Then P can be completed to a LS of order n.

Rows can be replaced with columns or symbols.
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Classical Results
Hall’s Theorem

N[O (O W=
Wik NOA|=|ODN
AlOIID®O|N|—=|W
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Classical Results
Hall’s Theorem

1123
2 1 3
31112
1123
3] |21
3 112
3121
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Classical Results
Ryser's Theorem

Theorem 5 (Ryser’s Theorem, 1950)

Letr,s,ne€ 7Z such thatr,s < n. Let P € PLS(n) with ar x s block of
symbols and empty cells elsewhere. Then P can be completed if and
only if each symbol occurs r + s — n times in P.
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Classical Results
Ryser's Theorem

Theorem 5 (Ryser’s Theorem, 1950)

Letr,s,ne€ 7Z such thatr,s < n. Let P € PLS(n) with ar x s block of
symbols and empty cells elsewhere. Then P can be completed if and
only if each symbol occurs r + s — n times in P.

STa] 112187 [1/2]3]5
4156 4|56
olal5| |2 2
5(1(2/4| |[5|1]2|4
5012
3/5(6[1] [3]5|6]1
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Classical Results
Evans’ Conjecture

Theorem 6

If P € PLS(n) with at most n — 1 non-empty cells, then P can be
completed.
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Classical Results
Evans’ Conjecture

Theorem 6

If P € PLS(n) with at most n — 1 non-empty cells, then P can be
completed.

Confirmed independently by:
@ Haggkvist (1979) for n > 1111
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Classical Results
Evans’ Conjecture

o0~ [N N

NIDD =00~

A= NN~

ANl |an|=
olalIN|INd| =
oA =N

Jaromy Kuhl (UWF) Completing Partial Latin Squares 23/83



Classical Results
Evans’ Conjecture

w
AN |0 |=
SAloloa|sNN
N v 2 |lo|lo| s
ola|[NIN| =g
=N |h|o
vVia|h|2 o
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Classical Results
Evans’ Conjecture

w
AN |0 |=
Sloloa|sNN
N v 2 |lo|lo| s
ola|[N|IN| 2o
=N |h|o
via|s|=2 o
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Classical Results
Evans’ Conjecture

1 112/4,5|6|7
415 217|5|1|4 6
5 5/4|6|2 117
3 6|51 2147
1 716 41152
4 716|521
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Classical Results
Evans’ Conjecture

1 112/4,5|6|7
415 217|5|1|4 6
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Classical Results
Evans’ Conjecture

1 112/4,5|6|7
415 217|5|1|4 6
5 5/4|6|2 117
3 6|51 7142
1 716 41251
4 716|521
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Classical Results
Evans’ Conjecture

1 112/4,5|6|7
415 217|5|1|4 6
5 5/4|6|2 117
3 6|51 7142
1 716 41251
4 716[1]2]|5
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Classical Results
Evans’ Conjecture

w
AN O |[—=
Wojlo|b~INNIND
N/ Wi =0 o0&~
O |h|WOIND|= O
= DN W | O
DOV~ | =W
A =|ND|IN|O|W
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.
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1 123 1
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.

1 123 1

2 4 1

3 1
4 2

1 12 1

2 3 1
3|4 4 2

3
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Classical Results

There are incompletable PLSs of order n with n non-empty cells.

1 123 1

2 4 1

3 1
4 2

1 12 1

2 3 1
3|4 4 2

3

Let Bk , € PLS(n) with symbol 1 in the first k diagonal cells and
symbols 2,3,...,n— k+ 1 inthe last n — k cells of column k + 1.
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Classical Results

Theorem 7 (Andersen and Hilton, 1983)

Let P € PLS(n) with exactly n non-empty cells. Then P can be
completed if and only if P is not a species of By , for each k < n.
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Recent Results

One Nonempty Row, Column, and Symbol

Let P € PLS(n).
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Recent Results

One Nonempty Row, Column, and Symbol

Let P € PLS(n).

If there exists r, ¢, and s such that for each (x, y, z) € P either x = r,
y = ¢, or z = s, then P satisfies the RCS-property.
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Recent Results

oA WIN|[=
—
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Recent Results

oA WIN|[=
—

1

Casselgren and Haggkvist conjectured that if P satisfies the

RCS-property, (r,c,s) € P,and n ¢ {3,4,5}, then P can be
completed.

Jaromy Kuhl (UWF) Completing Partial Latin Squares 36/83



Recent Results

oA WIN|[=
—

1

Casselgren and Haggkvist conjectured that if P satisfies the
RCS-property, (r,c,s) € P,and n ¢ {3,4,5}, then P can be
completed.

They confirmed (2013) n € {6,7} and n = 4k for all kK > 2.
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Recent Results

113/2/4(5] 2|3 415
1342
1213 21 1
2| 1
2|1 3 1 3 1
3 1
3 1 4 1 4 1
4 1
5 1115 1
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Recent Results

Theorem 8 (Kuhl and Schroeder, 2016)

Let P € PLS(n) satisfy the RCS-property. If n ¢ {3,4,5} and P does

not contain a species of By , for each k € [n — 1], then a completion of
P exists.
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One Nonempty Row, Column, and Symbol

N[O (oA W=
—

N |~ Oo|ND|[—
—
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One Nonempty Row, Column, and Symbol

N[O (oA W=
—

N |~ Oo|ND|[—
N
—
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One Nonempty Row, Column, and Symbol

1/5(2|6|7|3|4||1|/5/2|7|6|3|4
21 21

3| |1 5 14

4 1 3 41 7
5 1 4 116
6 1 6 411
7 1117 3 1
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Recent Results

6|3 |4 417 7
1152 |- & L
T 4 6 116
AameiL 6 4 4|1

34677 3|3 1
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Recent Results

527634 316(4/7|(1]|2]5|7
2156743 47|36 |2|1|6|5
5214376 6(3|7|4||5|4|1|2

3/4/6|7| 74|63 [3|5[2]|1
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Recent Results

115127634
2115|6743
512]114|3|7]|6
3/6|4|1|2|5|7
417]|3[|2|1/6|5
6(3|7|5]4|1]2
7/4/6[3|52]|1
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Recent Results

115127634
2115|6743
51214]1]3|7]|6
3/6|1]|4|2|5|7
417]|3[|2|1/6|5
6(3|7|5]4|1]2
7/4/6[3|52]|1
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Recent Results

One Nonempty Row, Column, and Symbol

- (OO |N[W (N |Ps
—
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

415/6|7|3
5/1/3|6|4

N (AW o o=
W= oo~ |INIDN
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

415/6|7|3
5/1/3|6|4

N (AW o o=
W= oo~ |INIDN

@ Buchanan solved problem for a = b = 2 in dissertation (2007)
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

415/6|7|3
5/1/3|6|4

N (AW o o=
W= oo~ |INIDN

@ Buchanan solved problem for a = b = 2 in dissertation (2007)
@ Adam, Bryant, and Buchanan shortened dissertation (2008)
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Recent Results
Completed Rows and Columns

When can a PLS with exactly a rows and b columns be completed?

415/6|7|3
5/1/3|6|4

N (AW o o=
W= oo~ |INIDN

@ Buchanan solved problem for a = b = 2 in dissertation (2007)
@ Adam, Bryant, and Buchanan shortened dissertation (2008)
@ Kuhl and McGinn proved same result and more (2017)
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Recent Results
Completed Rows and Columns

=W~
\V)
—

A DW=

N
I
oA DW=

AW | =N
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Recent Results
Completed Rows and Columns

112[3]4|5
11234
21217 3|/1/2|5|4
y=|2 z=[53
213
41 45
5|4
Let I denote the set of all isotopisms of Y and Z.

Theorem 9

Letn > 2 and A € PLS(2,2; n). The partial latin square A can be
completed ifand only if A ¢ T.
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Recent Results
Completed Rows and Columns

There is a symbol not in an intercalate.

Jaromy Kuhl (UWF) Completing Partial Latin Squares



Recent Results
Completed Rows and Columns

There is a symbol not in an intercalate.

N (AW oe o=
W=~ INIDN

= | hAOO|W ||

A OO (NN |—=
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Recent Results
Completed Rows and Columns

OO |W | (N

W | (NN |—=

A OO IO (NN |[—=
= | hAOOT|W ||
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Recent Results
Completed Rows and Columns

1/2/5|6(7(3|4
1/2(5/6|7|3
2|/7(1|3]6|4]|5
T3 2|/7/1/3]6|5
15 7132156
316 6/5(3[7]2]1
=12 3167|512
5/1/6|2[3]7
41
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Recent Results
Completed Rows and Columns

1/2(5|6]7(3|4 1/2(5/6|7|3
2/7/1|3/6|4]5 2|/7/1/3]6|5
713 7132156
6|5 6/5(3[7]2]1
36 367|512
5|4 5/1(6(2/3|7
41
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Recent Results
Completed Rows and Columns

1/2(5|6]7(3|4 1/2(5/6|7|3
2/7/1|3/6|4]5 2|7/1/3]6 5
713 7132 6|5
6|5 6|53 217
36 36 5127
5|4 5 612371
41
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Recent Results
Completed Rows and Columns

1/2(5|6]7(3|4 1/2(5/6|7|3
2/7/1|3/6|4]5 2|7/1/3]6 5
713 7132 5|6
6|5 6|53 217
36 36 71521
5|4 5 6l2(1]7]3
41
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Recent Results
Completed Rows and Columns

1/2(5|6]7(3|4 1]2|5]6]7[3]4
2/7/1|3/6|4]5 2|/7/1/3/6|4]5
713 713/2[1]4|5]6
6|5 6534|217
36 3/6(4/7(5|2]1
5|4 5/4(6/2[1]7]3
41
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Recent Results
Completed Rows and Columns

11256734 112|5|6|7|3|4
2171|3645 21711136 |4]|5
7|3 71312|1]4|5]|6
6|5 6534|217
3|6 3/6/4|7]5]2|1
54 51416(|2|1|7]|3
4 |1 411]7|5]3|6|2
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Recent Results
Completed Rows and Columns

Each symbol is in an intercalate.

3/4|5|6|7

A OO |W N |[—=
Ao h|=|wW|N

N[O oW | =
N O |||

Jaromy Kuhl (UWF) Completing Partial Latin Squares 59/83



Recent Results
Completed Rows and Columns

112|314 |5(|6]|7
112/3|4|/6|5
213|154 ,7|6
E 2/3|1|5|4]|6
614 3/1/4|6|5]|2
416 645|123
5|7 5/6/2|3|1|4
45|62 |3|1
715
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Recent Results
Completed Rows and Columns

DO = W (b
AlOOIND|—= W
gD —
NDNW—= 01| O
W=D |O
= A |OT[N

N[O A O |Ww|N | =
ONO || |WOIDN
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Recent Results
Completed Rows and Columns

112|314 |5|6]|7 413|1/6|5]2
213|154 ,7|6 3|/1/2|4|6 5
3|1 11235 64
6|4 5|64 2131
4|6 215 3(1|4]|6
517 6 5/2(3|1]|4
715
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Recent Results
Completed Rows and Columns

112|314 |5|6]|7 413|1/6|5]2
213|154 ,7|6 3|/1/2|4|6 5
3|1 11235 64
6|4 5|64 2131
4|6 215 3(1|4]|6
517 6 5/2|4|1]|3
715
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Recent Results
Completed Rows and Columns

112|314 |5|6]|7 4|13|1|6|5|2|7
213|154 ,7|6 3(1]2|4|6|7]|5
3|1 112|3|5|7|6|4
6|4 5647|231
4|6 215(7|13|1]4]6
517 6(7]5|2]|4|1]|3
715 714]6[1]3|5]|2
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Recent Results

Theorem 10 (Kuhl and McGinn, 2017)

Let A € PLS(2, b; n) and cells [2] x [b] consist only of symbols from [b].

If n > 2b? —2b +5 and o 4([n]\[b]) contains a cycle of length at least
o3 then A can be completed.
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Recent Results

Theorem 10 (Kuhl and McGinn, 2017)

Let A € PLS(2, b; n) and cells [2] x [b] consist only of symbols from [b].
If n > 2b? —2b +5 and o 4([n]\[b]) contains a cycle of length at least
o3 then A can be completed.

Conijecture 1
Let A€ PLS(2,b;n). If n> 2b + 2, then A can be completed.
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e Open Problems
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Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)
If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.
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Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)
If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.

@ n=1is trivial

Jaromy Kuhl (UWF) Completing Partial Latin Squares 67 /83



Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)
If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.

@ n=1is trivial
@ r =1 is Evans’ conjecture
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Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)
If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.

@ n=1is trivial
@ r =1 is Evans’ conjecture
@ n =2 is solved by Ryser’s Theorem
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Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)

If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.

@ n=1is trivial

@ r =1 is Evans’ conjecture

@ n =2 is solved by Ryser’s Theorem

@ n = 3 was solved by Denly and Haggkvist (2003)
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Open Problems

Haggkvist Conjecture

Conjecture 2 (Haggkvist, 1979)

If P € PLS(nr) with all non-empty cells in at most n — 1 pairwise
disjoint r x r blocks, then P can be completed.

@ n=1is trivial

@ r =1 is Evans’ conjecture

@ n =2 is solved by Ryser’s Theorem

@ n = 3 was solved by Denly and Haggkvist (2003)

@ Kuhl and Denley confirmed Conjecture 1 for latin r x r blocks
(2008)
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Open Problems
Block Diagonal

Theorem 11 (Kuhl and Schroeder, 2015)
Let n and r be positive integers.
@ Ifn>r+1, then for every A € LS(r;[nr]), nA is completable.

@ Ifn<r—1, then there exists A € LS(r; [nr]) for which nA is not
completable.
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Open Problems
Block Diagonal

Theorem 11 (Kuhl and Schroeder, 2015)
Let n and r be positive integers.
@ Ifn>r+1, then for every A € LS(r; [nr]), nA is completable.

@ Ifn<r—1, then there exists A € LS(r; [nr]) for which nA is not
completable.
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Open Problems
Block Diagonal

Theorem 12 (Kuhl and Schroeder, 2015)
Let n and r be positive integers.
@ Ifn>r+1, then for every A € LS(r; [nr]), nA is completable.

@ Ifn<r—1, then there exists A € LS(r; [nr]) for which nA is not
completable.

Conjecture 3

Let n and r be positive integers. If n > r, then for every A € LS(r; [nr]),
nA is completable.
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Open Problems
Disjoint Subsquares

PLS(a®, b'): PLSs with s + t pairwise disjoint subsquares, where s
subsquares have order a and t subsquares have order b.
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Open Problems
Disjoint Subsquares

PLS(a®, b'): PLSs with s + t pairwise disjoint subsquares, where s
subsquares have order a and t subsquares have order b.

1]2
21
34
413
5|6
6|5
71819
8197
91718
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Open Problems
Disjoint Subsquares

Theorem 13 (Heinrich, 1982)
@ Each element of PLS(a, b, ¢) is completable if and only if
a=b=c.
@ Each element of PLS(a, b, ¢, d) is completable if and only if
a=b=candd < 2a.
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Open Problems
Disjoint Subsquares

Theorem 13 (Heinrich, 1982)
@ Each element of PLS(a, b, ¢) is completable if and only if
a=b=c.
@ Each element of PLS(a, b, ¢, d) is completable if and only if
a=b=candd < 2a.

Theorem 14 (Heinrich, 1982)
Suppose that a < b.

@ Ifs> 3 andt > 3, then each element of PLS(a%, b') is
completable.

@ Each element of PLS(a, b') is completable if and only if t > 3.

@ Each element of PLS(&°, b) is completable if and only if
(s—1)a=>b.
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Open Problems
Disjoint Subsquares

Theorem 15 (Kuhl and Schroeder, 2017)

Suppose that a < b.
@ Each element of PLS(&?, b!) is completable if and only ift > 3.
@ Each element of PLS(a%, b?) is completable if and only if as > b.
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Open Problems
Disjoint Subsquares

Theorem 15 (Kuhl and Schroeder, 2017)

Suppose that a < b.
@ Each element of PLS(&2, b!) is completable if and only if t > 3.
@ Each element of PLS(a%, b?) is completable if and only if as > b.

Problems:

@ Find conditions on s, t, and u that guarantee completions of the
elements of PLS(a®, b, c¥).
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Open Problems
Disjoint Subsquares

Theorem 15 (Kuhl and Schroeder, 2017)

Suppose that a < b.
@ Each element of PLS(&2, b!) is completable if and only if t > 3.
@ Each element of PLS(a%, b?) is completable if and only if as > b.

Problems:

@ Find conditions on s, t, and u that guarantee completions of the
elements of PLS(a®, b, c¥).

@ Classify the completable elements of PLS(a, b, ¢, d, e).
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Diagonally Cyclic Latin Squares

Definition 4
A LS L is diagonally cyclic if for each (i,j, k) € L, (i+1,j+1,k+1) € L.J

Jaromy Kuhl (UWF) Completing Partial Latin Squares 73/83



Diagonally Cyclic Latin Squares

Definition 4
A LS L is diagonally cyclic if for each (i,j, k) € L, (i+1,j+1,k+1) € L.J

NDNWIhhO|—
AlO=IDND|W

= D |Ww |k~ |O
WO =DN

O|l=|DNDW|H~
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Diagonally Cyclic Latin Squares

Definition 4
A LS L is diagonally cyclic if for each (i,j, k) € L, (i+1,j+1,k+1) € L.J

NDNWIhhO|—
AlO=IDND|W

= D |Ww |k~ |O
WO =DN

o|l=[NM|lw|s

@ A diagonally cyclic LS is determined by its first row.
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Diagonally Cyclic Latin Squares

Definition 4
A LS L is diagonally cyclic if for each (i,j, k) € L, (i+1,j+1,k+1) € L.J

NDNWIhhO|—
AlO=IDND|W

= D |Ww |k~ |O
WO =DN

o|l=[NM|lw|s

@ A diagonally cyclic LS is determined by its first row.

@ Suppose that (0,/,s;) € L. If s; — i # s; — j for each i, j, then L is
diagonally cyclic.
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Diagonally Cyclic Latin Squares

Definition 4
A LS L is diagonally cyclic if for each (i,j, k) € L, (i+1,j+1,k+1) € L.J

NDNWIhhO|—
AlO=IDND|W

= D |Ww |k~ |O
WO =DN

o|l=[NM|lw|s

@ A diagonally cyclic LS is determined by its first row.

@ Suppose that (0,/,s;) € L. If s; — i # s; — j for each i, j, then L is
diagonally cyclic.

@ There are no diagonally cyclic LSs of even order.
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Diagonally Cyclic Latin Squares

Let P € PLS(n) with k diagonals completed cyclically. Can P be
completed to a diagonally cyclic LS?
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Diagonally Cyclic Latin Squares

Let P € PLS(n) with k diagonals completed cyclically. Can P be
completed to a diagonally cyclic LS?

ofal [ L[ 1] [1]
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Diagonally Cyclic Latin Squares

of2] [ [ [ [ ] [1]
0/1/2|3|4(5|/6|7|8
112]3]4,5|6(7[8]|0
213(4/5|/6|7|8|0|1
3/4/5/6(7[8|0(1|2
4/5/6|7|8/0(1]2]3
5/6/7/8]0(1/2|3|4
6/7/8/0[1(2|3|4]|5
7/8/0/1]2(3|4|5|6
8/0/1/2|3(4|5|6|7
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Diagonally Cyclic Latin Squares

of2]7]el8[4[3]5]1]
ol1]2]3]4|5]6]7]8
1/2]3]4]5/6[7]8]0
2|3/4|5]/6|7/8]|0]1
3l4|5/6]7]8]0|1]2
a|5|6|7/8lol1]2]3
5|6[7/8]o[1]2]|3]4
6|7|8lo|1]2][3]4]5
7|8lo[1]2]3]4]|5]6
glol1|2]3]4]5]6|7
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Diagonally Cyclic Latin Squares

Let N(k) be the smallest integer in which all PLSs of odd order
n > N(k) with k cyclic diagonals can be completed cyclically.

Jaromy Kuhl (UWF) Completing Partial Latin Squares



Diagonally Cyclic Latin Squares

Let N(k) be the smallest integer in which all PLSs of odd order
n > N(k) with k cyclic diagonals can be completed cyclically.

@ N(k) > 3k — 1 for k > 3 (Griittmiiller, 2003)
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Diagonally Cyclic Latin Squares

Let N(k) be the smallest integer in which all PLSs of odd order
n > N(k) with k cyclic diagonals can be completed cyclically.

@ N(k) > 3k — 1 for k > 3 (Griittmiiller, 2003)
o N(2) = 3 (Grittmiiller, 2003)
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Diagonally Cyclic Latin Squares

Let N(k) be the smallest integer in which all PLSs of odd order
n > N(k) with k cyclic diagonals can be completed cyclically.

@ N(k) > 3k — 1 for k > 3 (Griittmiiller, 2003)
o N(2) = 3 (Grittmiiller, 2003)

@ PLSs of prime order (at least 11) with 3 cyclic diagonals can be
completed cyclically (Cavenagh, Hamalainen, Adrian; 2009)
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Diagonally Cyclic Latin Squares

Let N(k) be the smallest integer in which all PLSs of odd order
n > N(k) with k cyclic diagonals can be completed cyclically.

@ N(k) > 3k — 1 for k > 3 (Griittmiiller, 2003)
o N(2) = 3 (Grittmiiller, 2003)

@ PLSs of prime order (at least 11) with 3 cyclic diagonals can be
completed cyclically (Cavenagh, Hamalainen, Adrian; 2009)

Conjecture 4
N(3) =9. J
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Open Problems
e-dense PLSs

Let P € PLS(n). We say that P is e-dense if each row, column, and
symbol is used at most en times.
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Open Problems
e-dense PLSs

Let P € PLS(n). We say that P is e-dense if each row, column, and
symbol is used at most en times.

Conjecture 5 (Nash-Williams, Daykin, and Haggkvist)
All }-dense PLSs are completable. J
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Open Problems
e-dense PLSs

Let P € PLS(n). We say that P is e-dense if each row, column, and
symbol is used at most en times.

Conjecture 5 (Nash-Williams, Daykin, and Haggkvist)
All }-dense PLSs are completable.

Theorem 16 (Daykin and Haggkvist, 1984)

If n = 16k, then all ﬁ—dense PLSs of order n are completable.
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Open Problems
e-dense PLSs

Let P € PLS(n). We say that P is e-dense if each row, column, and
symbol is used at most en times.

Conjecture 5 (Nash-Williams, Daykin, and Haggkvist)
All }-dense PLSs are completable.

Theorem 16 (Daykin and Haggkvist, 1984)

If n = 16k, then all ﬁ—dense PLSs of order n are completable.

Theorem 17 (Bartlett, 2013)
All 10~*-dense PLSs of order n are completable forn > 1.2 x 10°.
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Other Completion Problems

Current Section

e Other Completion Problems
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Other Completion Problems
Other Completion Problems

Conjecture 6

If P is a partial latin cube of order n with at most n — 1 non-empty cells,
then P can be completed to a latin cube of order n.

v

Theorem 18 (Kuhl and Denley, 2011)

If P is a partial latin cube of order n with at most n — 1 non-empty cells,
no two of which lie in the same row, then P can be completed to a latin
cube of order n.

v
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Other Completion Problems
Other Completion Problems

Conjecture 7
Let P € PLS(n) with at most n — 1 non-empty cells. Let Q C PLS(n) be

the PLSs that avoid P. For any Q € Q, P can be completed to a LS
that avoids Q.

Theorem 19 (Kuhl and Denley, 2012)

Let P € PLS(4k) with at most k — 1 non-empty cells. Let Q C PLS(n)
be the PLSs that avoid P. For any Q € Q, P can be completed to a LS
that avoids Q.

v
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Other Completion Problems
Other Completion Problems

Conjecture 8
Any two PLSs of order n > 5 can be avoided simultaneously. J
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Other Completion Problems
Other Completion Problems

Conjecture 8
Any two PLSs of order n > 5 can be avoided simultaneously. J

Theorem 20 (Chetwynd and Rhodes; Cavenagh; Kuhl and Denley)
All PLSs of order n > 4 are avoidable. J
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Other Completion Problems
Other Completion Problems

Conjecture 8
Any two PLSs of order n > 5 can be avoided simultaneously.

Theorem 20 (Chetwynd and Rhodes; Cavenagh; Kuhl and Denley)
All PLSs of order n > 4 are avoidable. |

Theorem 21 (Kuhl and Hinojosa, 2012)
@ Any two PLSs of order 4k with k > 56 can be avoided simultaneously.
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Other Completion Problems
Other Completion Problems

Conjecture 8
Any two PLSs of order n > 5 can be avoided simultaneously.

Theorem 20 (Chetwynd and Rhodes; Cavenagh; Kuhl and Denley)
All PLSs of order n > 4 are avoidable. |

Theorem 21 (Kuhl and Hinojosa, 2012)
@ Any two PLSs of order 4k with k > 56 can be avoided simultaneously.

@ Any two PLSs of order mk with k > ”’75 can be avoided simultaneously.

v
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Other Completion Problems
Other Completion Problems

Conjecture 8
Any two PLSs of order n > 5 can be avoided simultaneously.

Theorem 20 (Chetwynd and Rhodes; Cavenagh; Kuhl and Denley)
All PLSs of order n > 4 are avoidable.

Theorem 21 (Kuhl and Hinojosa, 2012)
@ Any two PLSs of order 4k with k > 56 can be avoided simultaneously.

@ Any two PLSs of order mk with k > ”’75 can be avoided simultaneously.

v

Conjecture 6

Let Py,...,P; € PLS(n). Ift < n/3, then Py, ..., P; can be avoided
simultaneously.

Jaromy Kuhl (UWF) Completing Partial Latin Squares 82/83



Other Completion Problems

Thank Youl!

rtial Latin Squares
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