Math 3851 Midterm Exam

Instructions: Please answer all questions completely and show your work un-
less otherwise indicated. You may use any results or theorems that we discussed
in class without proof. but if you use a result. please clearly state what it is.
You may not use textbooks, notes, calculators, or other outside aids for this
exam. The exam is worth 100 points and designed to take 90 minutes, but you
may use the entire class period for the exam. Good luck!

1. (6 pts. each) Write all values of each of the following expressions in rectan-
gular form (i.e. z =z +iy):
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(b) (V2 + v2i)'*®

Solution: First we write v/2 +iv/2 in polar. The modulus (7) is |v/2 + iv/2|

\/52 4 \/52 = /4 = 2, and a value for the argument is = B, V2 + /2
2¢47/4) This means that (v/2 4+ /2¢)190 =

(261'(17/4))100 s 21[)0612(1.'/4)100 5 210061(2517) . 2100(003(257'{)4—7:5i1](25‘ﬁ)) - _2100_

(c) it

Solution: By definition, i* = €*'92¢, where logi can take any of its legal values.
Also by definition, logi = In [i| + iarg(i) = In1+¢ (5 + 2n7) = i (3 + 2nn).
So,

it = eilomt _ Gili(F+2nm)) _ —(F+2nm)



2. (a) {15 pts.) If u(e,y) = »* + 2wy — 3ay?, find v(r,y) so that f(z) =
Slx+iy) = w(z,y) + iv(z, y) is entire. Make sure to explain why yvour function
is entire!

Solution: We need Cauchy-Riemann to hold. Here. u, = 322 + 2y — 3y° and
u, = 2x — 6zy. We start by setting

Uy =—Uy = U, =06y —2r=v= /ﬁmy — 2z dz = 32%y — 2° + g(y).
Then,
vy = up = 32 +¢'(y) = 3°+2y—3y° = ¢'(y) = -3y’ = g(y) = /2y*3y2 dy = y?*—y*+C.

So, it looks like v = 322y — 2° +3° — y* + C.

We know that the Cauchy-Riemann equations hold on all of C because we
just checked them, and all partial derivatives are polynomials of 2 and 3. there-
fore they are conlinuous on C. Therefore, [ = u+iv is analytic on all of C, and
so entire.

(b) (5 pts.) Explain why it is impossible to find such a v(z,y) if we instead
chose u(z,y) = =% + 2zy — 4xy?.

Solution: We know that if f = u + iv is analytic on C. then u must be
harmonic on C. However, if we check where u is harmonic, we get u,, = 8x
and u,, = —Gx. Therefore, . + wy, = 2x, which is 0 only if # = 0. So, u is

harmonic only when o = 0, and therelore not harmonic on C, and so there can
be no v for which u + iv is entire.



3. (12 pts.}) Describe all solutions to
e =¢'F (1)

in rectangular form, i.e. give conditions on @ and y which are equivalent to
z = x + iy satislying (1).

Solution:

e = ¥ == ¥TW = ! TH) o oTHY — oy 4 iy = @7 = e Ve,

But both ee'¥ and ¢ ¥¢'® are written in polar form. So, they are the same
number il and only if e* = e7¥ and eV = ¢'. By taking natural logs, we see
et = e Y == 1 = —y. We can then rewrite the second equation:

¢V = ¢ = oW = ¢ = ¢ = | <= cos(2y) + isin(2y) = 1.

This is true if and only if cos(2y) = 1 and sin(2y) = 0, which is true if and only
if 2y = nx for some integer n.

So, finally we see that e* = e* = y = n(n/2),2 = —n(r/2) for some
integer n.



4. (a) (3 pts.) Sketch the set S = {z : Arg(z) € (—2%,28)}. Is § a domain,

i.e. is .S open and connected?
~

Solution: %
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(b) (15 pts.) Find a branch f(z) of the multiple-valued expression log(—iz)
which is analytic for all z in S.

Solution: First we write log(—iz) as a composition f(g(z)), where g(z) = —iz
and f(z) is some branch of log z. Then f(g{z)) is analytic in S if g is analytic
in S and f is analytic in g(S). Since g is a polynomial, it is entire and therefore
definitely analytic in S.

We only need to choose a branch of log z which is analytic in g(5). Since
¢ just multiplies its input by —i, and we can write —i in polar as ¢*=7/2) the
ellect of g is to rotate clockwjse by 7/2 radiance. Therelore, g(S)} looks like

le

977; <

w
B
its “bad ray” does not touch g(.5). Therefore, log,{—iz) is analytic throughout

S.

So, we can choose a = 5, and then the branch log,, z is analytic in ¢(S) since

{c) (3 pts.) For the branch you chose in part (b), express f(2i) in rectangu-
lar form. (In other words, “plug in” z = 2i to log(—iz) for the branch you chose.)

Solution: log, /5(—i(2i)) = log,,5(2) = In|2| + iarg, 5(2) = In2 +(27). (All
values of arg(2) are 0,27, —2m, 4x,..., and arg, , is the one of those in the
interval (7/2, m/2 + 27), which is 27.)



5. (10 pis.) If |z| = 4, show that [Z° — 2i(z + 1)?| > 14. (Hint: start by saying
something about [Z| and |z + 1|.)

z| =4, |Z| = |z| = 4. Also, the triangle and reverse triangle
z|+ 1], ie. 3 < |2+ 1] < 5. Then,

Solution: Since
inequalities show that |z| — 1| < |z + 1| <
by the reverse triangle inequality,

125 — 2i{z + 1)%| = 2% - 12i(z + 1)®| = |Z° - |2i]|z + 1| = 64 — 2|z + 1.

Since |z + 1| €< 5, 64 — 2|z + 1> > 64 — 2 - 5% = 14, so we've shown that
2% - 2i(z +1)?| > 14.



6. (12 pts.) Show that the function f(z) = s.inz DOES NOT have a limit as

sin oz

iz —iz

z — 0. (Reminder: sinz = “—57—}

Solution: If we let z — 0 along the path z = z (where x — 0, then we get

. sin¥ . sinx
lim — = lim —
r—=0 8SINT r—0 SINnx

= 1.

It we let z — 0 along the path z = iy (where y — 0, then we get

o e - . Y_eg ¥
. siniy . sin(—1y) , =
lim —— = lim ——— = lim —*— = —1.
y—0 sin vy y—0 5111(1"1;) y—0 5_21
2

Since f(z) approaches different limits as z — 0 along two different paths,

lim._,q ::EZ‘ does not exist.




e’

7. (7 pts.) Explain why the function f(z) = |e | is NOT entire, i.e. analytic

throughout €. (Hint: computing partial derivatives for Cauchy-Riemann here
looks pretty terrible: do you notice anything about this function that would let
you conclude non-analyticity more easily7)

Solution: Since it is the modulus of a complex number, f is real-valued
throughout C. We showed in class that if [ is real-valued and entire, then
it must be constant. Since f(z) is definitely not a constant. it cannot possibly
be entire.



