Selected solutions for MATH 4280 Assignment 1

1.11.(ii) The forward direction is obvious and was proved in class. We therefore
need prove only the following: if y is finitely additive, pu(X) < oo, and p is
continuous from above, then g is a measure. It suffices to prove countable
additivity, since we already know that u takes values in [0, co] and that u(@) = 0.
For this, consider any disjoint measurable sets A1, As,... € M. Define the
unions B,, = U;L:1 A;; then By C By C ..., and so clearly B D B§ D .... Also,
all B¢ are in M since it is a o-algebra. Therefore, by continuity from above,

p (ﬂ B;) = lim u(By).

n=1

Using de Morgan’s Law yields

p <<U Bn> ) = lim pu(By).

Since y is finitely additive, for any set C' € M, u(C) + u(C°) = u(X), and so
p(C) = p(X) — p(C). We therefore get

w(X) — p (U Bn> = lim p(X) = p(Bn),

n—oo

implying (since p(X) is finite!) that

(0] - i

n=1

Note that J;—; By, = U,—, An, and that by finite additivity, for all n we have
w(By) = >, 11(A;). Therefore,

0 ( An) = HILH;OZM(AZ-) = ZM(Ai)7

completing the proof of countable additivity and the proof that u is a measure.

1C3

1.14. Suppose that p is semifinite and that E € M with p(E) = co. Consider
the set
S={uF) : Fe M,u(F) < oo, F C E}.

Then S is nonempty since p is semifinite. Let’s assume for a contradiction that

S is bounded from above. Then, define &« = sup .S. By definition of supremum,

for every n there exists F,, € M, F, C E, with a — % < u(F,). Define



F" = U,en Fn- Then clearly F € M and F' C E. Also, by monotonicity, for
every n u(F') > p(F,) > a— *, and so p(F’) > a.

We claim that u(F') = a, so let’s assume for a contradiction that u(F') > «.
Then, by continuity from below, lim, o gt (U;—; F;) = p(F’) > . This means
that there exists n so that p (U, F;) = p(F') > «, and p (U}, Fi) is finite
since each p(F;) is finite. We've therefore contradicted the definition of o as
sup S.

We now know that pu(F’) = a. Then, by finite additivity, u(E \ F') = cc.
Therefore, since p is semifinite, there exists G € M, G C E\ F’ with 0 <
1(G) < oo. Finally, consider the set F/ UG. It is in M since F’ and G are, and
similarily it is a subset of E. Also, u(F' U G) = u(F’) + u(G) since F’ and G
are disjoint, and o = p(F’') < u(F') 4+ p(G) < oco. We've again contradicted the
definition of a as the supremum of S.

Therefore, our original assumption was wrong, and S is unbounded from
above. But then for every C' > 0 there exists F' C E with C < p(F) < oo, and
so we are done.



