Selected solutions for MATH 4280 Assignment 2

1.18(c). The proof of the reverse direction from part (b) should not have used
the hypothesis that u*(E) < oo, so we need only show that the forward direction
can substitute o-finiteness of po as a hypothesis. So, assume that ug is o-finite
and that F is p*-measurable.

Since pg is o-finite, there exist Fy, Fy, ... € A so that for all n, pug(Fy) < oo,
and X = U;ozl Fy. We can assume without loss of generality that the F} are
disjoint by the fact that A is an algebra and monotonicity (via finite additivity)
of pg. Also, since each Fy, is in A, u*(F)) = po(Fy) < oo for every k.

Now, for every n, define Ey, = E N Fy; by monotonicity, p*(Ey) < p*(Fy) <
oo. Then by part (a), choose A, € Ay so that Ey, C A, and p* (A, ) <
(*(Ey) + —m7- Since E is p*-measurable,

P (Apk) = (Ank N ER) + 1 (An e NEY) = 1" (Ek) + 1" (Ani \ Ek),

so since all of these values are finite, p* (A, i \ Ex) < ﬁ

Then, for every n, define A,, = J,cy An,x and A =, ., An. Then, clearly
A€ A,5, EC A, and and A\ E C A, \ E. So,by monotonicity and countable
subadditivity,

W(ANE) < (A \B) <Yt (Ank \ Br) < Zﬁ _ %
keZ kEZ

Since n was arbitrary, u*(A\ E) = 0 and we'’re done.

1.23(b). Clearly M(A) C P(Q) since A C P(Q). Conversely, for every q € Q,
{a} =Nypen((@=n"1, g+n"11NQ), and so {¢} € M(A). Then, by Lemma 1.1,
M({{q}qen}) = P(Q) € M(A), and so the sets are equal.

(c¢) Define the following two measures on P(Q). w1 is defined by ui(A) = 0 if
A is empty, and p;1(A) = oo if A is nonempty. ps is defined by us(A) = |A], i.e.
the counting measure on Q. It is simple to check that both are measures, and
both extend pg since the only nonempty sets in A were infinite.

We note that the only reason that pg did not have a unique extension to
M(A) = P(Q) is that up was not o-finite; the only set with finite po was
the empty set.

Written problem:
<=: Suppose that F(x) = ax+b, and consider pup induced in the usual way.

Then for any interval I = (¢,d], pr(I) = F(d) — F(c) = (d — ¢)z, depending
only on the length of I and meaning that up(I) = pr(I + ) for any = € R.



Now, for any fixed interval I = (a, 8], consider the collection C; = {A C I :
Vo € R, ur(A) = pr((A+ )} of subsets of I for which pp is shift-invariant.

By the above, C; contains all subintervals of I of the form (¢, d]. We claim
that Cy is a o-algebra on I. First, consider any A € C. Then for all x € R,

pr((INA)+x) = pr((I+2)\(A+2)) = pr(l+2)—pr(A+z) = pr(l)—pr(A) = pr(I\A).

(We here used the fact that pp is finite on the bounded set I + x.) So, Cj is
closed under complements (viewing I as the universal space.) Similarly, for any
disjoint collection A;, Ao, ... € Cy,

13 (1'4’ U An) = HF (U (1'+An)> = ZﬂF(aH‘An) = Z.UF(An) = HUF (U An) .
= n=1

n=1 n=1

So, C; is also closed under countable unions, and so is a g-algebra over I. Since
it also contains all half-open subintervals of I, in fact C; 2 B(I).

Then, for any Borel subset F of R, each of the sets E,, = EN[n,n+1) is a
Borel subset of [n,n + 1), and so by the above is in Cj, ,,4-1). Then, for any ,

PE+2)=> p(Ey+z) =Y pu(B,) = p(E),

completing the proof.

=: Suppose that up is shift-invariant. Then, ur((c,d]) = pr((c+z,d+x])
for all ¢ < d and z, so F(d) — F(c) = F(d+ ) — F(c+ ) for all ¢ < d and
x. Define G(z) = F(x) — F(0); then G(0) = 0 and G also has the property
that G(d) — G(¢) = G(d + z) — G(c+ z) for all ¢ < d and z, and G is also
right-continuous. In particular, for any natural n,

n—1

G(n) = G(n) — G(0) = Z G(i+1) — G(i) =n(G(1) — G(0)) = nG(1).

i=0
Finally, for any natural numbers m,n,

G(n) = G(n)—G(0) = z_: G((i+1)n/m)—G(in/m) = m(G(n/m)—G(0)) = mG(n/m).

=0

In other words, G(n/m) = (n/m)G(1). A similar argument works for negative
n, so in fact for all ¢ € Q, G(¢q) = ¢G(1). Finally, for any real «, there exists a
sequence of rationals ¢, approaching « from above, and so by right-continuity
of G,

G(a) = nh—>Irolo G(qn) = 77,11—>Holo gnG(1) = aG(1).
So, G(z) = G(1)x for all z, implying that F(z) = (F(1) — F(0))x + F(0) for all
x and completing the proof.



