RANDOM Z“-SHIFTS OF FINITE TYPE
KEVIN MCGOFF AND RONNIE PAVLOV

ABSTRACT. In this work we consider an ensemble of random Z9-shifts of fi-
nite type (z4-SFTs) and prove several results concerning the behavior of typ-
ical systems with respect to emptiness, entropy, and periodic points. These
results generalize statements made in [26] regarding the case d = 1.

Let o/ be a finite set, and let d = 1. For n in N and « in [0, 1], define a ran-
dom subset w of &7[17" by independently including each pattern in &/ [,
with probability a. Let X,, be the (random) Z%-SFT built from the set w. For
each a € [0,1] and n tending to infinity, we compute the limit of the proba-
bility that X, is empty, as well as the limiting distribution of entropy of X,,.
Furthermore, we show that the probability of obtaining a nonempty system
without periodic points tends to zero.

For d > 1, the class of Z%-SFTs is known to contain strikingly different
behavior than is possible within the class of Z-SFTs. Nonetheless, the results
of this work suggest a new heuristic: typical Z%-SFTs have similar properties
to their Z-SFT counterparts.

1. INTRODUCTION

A shift of finite type (SFT) is a dynamical system defined by finitely many
local rules. SFTs have been studied for their own sake [17, 23], for their con-
nections to other dynamical systems [6, 10, 16], and for their connections to
the thermodynamic formalism and equilibrium states in statistical mechanics
[6, 30]. We consider SFTs defined on a lattice Z%, with d = 1. As these systems
may be defined by finitely many combinatorial constraints, they naturally lend
themselves to probabilistic models. In fact, random Z%-SFTs may be viewed as a
class of random constraint satisfaction problems (for other examples of random
constraint satisfaction problems, see [1, 2, 3, 4, 12, 19]).

In previous work [26], the first author began a line of investigation aimed
at describing likely properties of Z-SFTs that have been selected according to
a natural probability distribution, there called random SFTs. The main goal of
the present work is to investigate some likely properties of random Z%-SFTs for
arbitrary d = 1.

For d > 1, the class of Z%-SFTs contains behavior that cannot appear in Z-
SFTs. Consider the following examples of this phenomenon.
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 There is an algorithm that decides in finite time whether a given Z-SFT is
empty, whereas no such algorithm exists for Z%-SFTs when d > 1 [5].

e Every nonempty Z-SFT contains a finite orbit, but for each d > 1, there
exist nonempty 7% _SFTs that contain no finite orbits [5].

¢ The set of real numbers that appear as the entropy of some Z-SFT has an
algebraic characterization [24], whereas the corresponding set for Z%-SFTs
with d > 1 has a computational characterization [15].

For further illustrations of this phenomenon, see [8, 9, 14, 29]. In light of the
presence of such exotic behavior within the class of Z%-SFTs for d > 1, one may
ask, “how typical is this behavior?” In principle, the setting of random Z%-SFTs
allows one to answer such questions in a probabilistic sense. From this point
of view, a property of Z?-SFTs may be considered typical if it holds with high
probability. Indeed, our main results establish typical properties of Z¢-SFTs in
this sense.

We construct random Z%-SFTs as follows. Consider a finite set «# and a natu-
ral number d. Let F,, = [1,n]% be the hypercube with side length 7 in Z%. Con-
sider o/, the set of all patterns on F,, and let Q, be the power set of o/, For
n=1and a€[0,1], let P, , denote the probability measure on Q,, given by in-
cluding elements of < independently with probability a (and excluding them
with probability 1—a). The measure P, , depends on &« and d, but we suppress
this dependence in our notation. For a subset w of «f Fn et X, be the Z9-SFT
built from w:

X, =1{x E.szfzd :Vpe Zd, X|F,+p € W}
We view the elements of o' ~ w as “forbidden patterns,” which place con-
straints on the configurations allowed in X,. When w is chosen at random ac-
cording to P, o, we view X,, as a random Z%-SFT.

Our first main result concerns the probability that X, is the empty set. To
state the result, we define the following zeta function as a formal power series:

x@=[T(-a")7,

1

where {y;}; is an enumeration of all the finite orbits in «/ z (see Section 2 for
precise definitions). When d = 1, the function {x(¢) is the Artin-Mazur zeta
function (see [23]); however, for d > 1, the function {x(#) defined here may
differ from the zeta function for Z%-actions defined in [22].

THEOREM 1.1. Let o/ be a finite set, and let d be in N. For each n, let &, c Q,, be
the event that X, = &. Then for each « in [0,1],

(x(@)7, ifaelo, ™)),

li}lnﬂ:bn,a(éan) = { 0, if(l € [|Q¢|_1, 1].

Furthermore, for a # |<4|™, the rate of convergence to this limit is at least expo-

nential in n.

Notice that for d > 1, despite the fact that there is no algorithm to decide in fi-
nite time whether a given Z¢-SFT X,, is empty, we may nonetheless compute the
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limit of the probability of the event &,,. In particular, the limit of the probability
of emptiness is positive for a < |«/|~! and equal to zero for a > |<f|~!. A general
discussion of random constraint satisfaction problems is beyond the scope of
this work; however, let us note that in the language of random constraint satis-
faction problems, Theorem 1.1 identifies a = |«#|~! as the satisfiability threshold
for this model of random Z%-SFTs.

Our second main result concerns the limiting distribution of entropy as n
tends to infinity. Let h(X) denote the (topological) entropy of a Z¢-SFT X:

1
h(X) = lilrcnﬁ log#{x|p, : x € X}.
Also, let log* (x) = max(0,log(x)).

THEOREM 1.2. Let of be a finite set and d be in N. For each a € [0,1] and € >0,
there exist p > 0 and ng such that if n = ny, then

IP,W( h(X,) —10g+(a|g¢|)‘ > e) < exp(—pnd).

In other words, the distribution of entropy for random Z%-SFTs converges
in probability to a point mass at 10g+(a|a¢ ), and this convergence is at least
exponential in n. From the point of view of constraint satisfaction problems,
Theorem 1.2 may be interpreted as describing “how many” solutions exist, as
entropy provides a natural notion of the “size” of the solution space.

Observe that Theorems 1.1 and 1.2 hold for any d = 1. Thus, from the perspec-
tive of emptiness and entropy, it appears that random Z4-SFTs behave similarly
to random Z-SFTs, despite the fact that the class of Z%_SFTs for d > 1 exhibits
strikingly different behavior than the class of Z-SFTs.

The following two theorems further address the possible differences between
Z-SFTs and Z%-SFTs. Recall that any nonempty Z-SFT contains a finite orbit,
but for each d > 1, there exist nonempty Z%-SFTs that contain no finite or-
bits. The following theorem shows that the probability that a random Z4-SFT is
nonempty but contains no finite orbit tends to zero as n tends to infinity.

THEOREM 1.3. Let o/ be a finite set and d be in N. For each n, let 4, < Q,, be the
event that X, is nonempty but contains no finite orbits. Then for each « in [0,1],

lim Py, q () = 0.

Furthermore, for a # ||}, the rate of convergence to this limit is at least expo-
nential in n.

Note that the undecidability result of Berger [5], along with many other con-
structions of exotic or pathological examples, relies on constructing Z?-SFTs in
¢, for some n. Here we observe the heuristic phenomenon, observed in other
random constraint satisfaction problems, that for d > 1, exotic or pathological
behavior is possible “in the worst case,” but such behavior is not typical.

We now consider the periodic entropy of Z4-SFTs. For a Z4-SFT X, let 2
be the set of points x in X such that x is contained in a finite orbit. Then the
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periodic entropy of X is defined as
. 1
hper(X) =limsup wa logl{x|g, : x € 2.
k—o0

The following theorem gives the limiting distribution of periodic entropy for
random Z%-SFTs.

THEOREM 1.4. Let of be a finite set and d be in N. For each a € [0,1] and € >0,
there exist p >0 and ng such that if n = ny, then

Pn,a( hper(Xo) —log+(a|.sz¢|)’ > 6‘) < exp(—pnd).

For any Z-SFT X, we have that hpe (X) = h(X), but for 7% -SFTs with d > 1, this
equality need not hold. Nonetheless, Theorems 1.2 and 1.4 show that for large
n, in a typical Z4-SFT defined by forbidding blocks of size n, the growth rate of
the number finite orbits is about the same as the growth rate of the number of
all orbits, which once again suggests that typical Z%-SFTs are not dramatically
different from typical Z-SFTs.

The paper is organized as follows. In Section 2 we present the necessary no-
tation and define random Z%-SFTs in detail. Section 3 deals with emptiness and
finite orbits and contains the proofs of Theorems 1.1 and 1.3. That section is
the longest and most difficult of the paper, reflecting the difficulty of studying
emptiness for Z4-SFTs with d > 1. Indeed, our proofs in Section 3 employ funda-
mentally different methods from those used in [26] for the case d = 1. Section 4
details our considerations related to entropy, as well as the proofs of Theorems
1.2 and 1.4. These proofs use a second moment argument similar in structure to
the one given in [26] for d = 1, although the proofs here differ from the previous
proofs in the details. Finally, we conclude the paper with some brief remarks
and open questions in Section 5.

2. PRELIMINARIES

In this section, we give a precise description of the objects under considera-
tion.

2.1. Basic notation.

2.1.1. General subsets of Z%. Let d be a natural number. First, we set some no-
tation regarding subsets of Z%. Let {ei}?: denote the standard basis in Z%. We
use interval notation to denote subsets of Z, e.g., [1,4] = {1,2,3,4}. For a subset
E of 7% and a vector vin Z%, let E+ v={u+v:u€E}. Also, let 1=(1,...,1) € Z%.
We use the ¢4, metric: for u, v in R, let po(u,v) =max{lu; —v;|: 1 <i < d}. For
x in R% and r = 0, we let B(x, r) denote the closed ball centered at x of radius
r in Z%. We will have use for the inner boundary of a set: for Ec Z4 and r > 0,
define

0,E={xeE:Jye¢E, plx,y)<r}.
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We denote the r-interior of a set E by

int.(E)={x€ E: B(x,r) C E},
and we denote the r-thickening of E by

B(E,r) = J B(x,1).

xeE

Let “<” denote the lexicographic ordering on Z%: for p # q in Z%, let i = min{j :
pj # q;}, and define p < g whenever p; < g;. Also, for each i in [1,d] and v
7%, let ;(v) denote the projection of v to the hyperplane passing through 1
perpendicular to e;, i.e, (m;(v)); =1 and (7;(v)); = v; for j # i.

2.1.2. Rectangles and hypercubes. We also require some definitions regarding
the geometry of rectangles and hypercubes in Z%. For n in N, let F, be the
hypercube with side length n in Z4, i.e., F, = [1,n]% c Z%. Let k be in N. For
each # c[l,d] and s:.¢ — {1, k}, define

Fi(H,s)={(x1,...,xq) e Fx:Vie L, x; = s(i)}.

A set of the form Fy(.¢,s) is called a face of Fy, and we define the dimension of
Fr.(£,s) to be dim(Fr(#,s)) =d —|-#|. For example, if # =& (and s: & — {1, k}
is the empty map), then Fy(&, s) = Fy, which has dimension d. For 0 < ¢ < d,
define Fj ¢ to be the ¢-skeleton of Fy:

Froe= U E.
E face of Fy
dim(E)=¢

Note that the number of faces of dimension ¢ is 2¢~¢ (‘Z), which we denote by

Cd,g.
For a face E = Fx(#, s), we also require the “n-thickened interior” of E:

T, (E) :{peFk:Viej, |s(i) — pil < n, and
Vi¢g. s, pie[n+1,k—n]}.

A face E has some restricted coordinates (indexed by .#) and some free coordi-
nates (those not in .#). In this sense, T,,(E) consists of the n-thickening of E in
the restricted directions and the n-interior of E in the free directions (see Figure
1). For k > 2n, the collection of sets T, (E), where E ranges over all faces of Fy,
is a partition of Fj (see Figure 1). Furthermore, note that for any ¢ € [0, d], we
have

2.1) Fi = (kaB(Fk,g,n))U( L] Tn(E)).
E face of Fj
dim(E)>¢
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FIGURE 1. Partition of Fy by the sets T}, (E), where E runs over
all faces. For each corner E (i.e., face of dimension 0), T, (E) is
shaded with broken lines. For each edge E (i.e. face of dimen-
sion 1), T,,(E) is shaded in gray. For the square Fy. (i.e., the only
face of dimension 2), T, (Fy) is the unshaded central region.

2.1.3. Patterns, repeats, and repeat covers. Let us establish some basic terminol-
ogy. A configuration is an element of o Z* For a finite set E < Z4 and a finite set
o/, a pattern on E is an element of «/F. If u is a pattern on E, then we say that
u has shape E. A pattern u on E may also be referred to as an E-pattern or a
pattern with shape E. For ease of notation, we consider patterns to be defined
only up to translation, as follows. If F = E + v for some v in Z% and u is in S
where EU F c S, then we write u|r = u|g to denote the statement that u,,, = u;
forall t in E.
For finite E c 74, let €,,(E) denote the set of n-cubes contained in E, i.e.,

6n(E)={F,+v:veZ% F,+vcEl.

For a finite set S ¢ Z4, let m(S) be the lexicographically minimal element of S.
Note that for an n-cube S, we have the relation S = F,, + m(S) — 1.

In the following, we will work with sets of pairs of n-cubes; that is, we will
work with sets J € €, (E) x €, (E) for various choices of E c Z%. For such a set J,
let | /] denote the number of pairs in J, and let A(J) < E be defined as follows:

A= U S
(81,82)€]
We will seek to understand the structure of “repeated sub-patterns” within
patterns on finite subsets of Z¢. We make this notion precise with the following
definition, which plays an important role in Section 3.

DEFINITION 2.1. Let of be a finite set. Let E c Z¢, and let u be in «/F. A pair
(81,S2) in 6, (E) x 6, (E) is an n-repeat in u if S # S, uls, = uls,, and S is the
lexicographically minimal appearance of the pattern uls, in u. If (51, S2) is an
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n-repeat in u, then the pattern w = uls, = uls, is called a repeated F,,-pattern. A
set J € €, (E) x 6,(E) is an n-repeat cover for u if

1. each (S1,S2) € J is an n-repeat in u, and

2. if (81, S2) is an n-repeat in u, then S, < A(J).
When n is clear from context, we drop the prefix n from this terminology.

Let us make two remarks about this definition. First, if J is a repeat cover
for u, then the set A(J) depends only on u« and not on the particular choice of
repeat cover J. Second, repeat covers always exist, since the set of all pairs in
6, (E) x €, (E) satisfying property (1) gives an n-repeat cover. However, we will
often seek “more efficient” repeat covers, in the sense of including fewer repeats
(i.e., minimizing |J]). This pursuit is taken up in Section 3.4.

2.2. Symbolic dynamical systems. Now we introduce symbolic dynamical sys-
tems and Z%-SFTs. Let <f be a finite set (alphabet). For any set Y contained in
aﬂd, let W,,(Y) be the set of F,,-patterns seen in Y:

Wu(Y)={uestf:axey,vez? u=xlp, ).

Endow «#Z* with the product topology induced by the discrete topology on <,
and let o : #Z* — o#Z* denote the shift action, defined for each x in «/Z* and
p,q in Z% by

(07(0) 4 = Xp+g-

Note that «#Z" is a compact, metrizable space, and o” is a homeomorphism for
each p in Z%. A set Y contained in of 2% is a Z%-subshift if Y is closed and shift-
invariant (i.e, oP(Y) = Y for all p in Z%). A set X contained in A4 isa Z9-shift
of finite type (Z%-SFT) if there exist a natural number 7 and a set & c o such
that
X= {xedzd :Vpe 74, o? ()|, &€ F}.

Any Z%-SFT is a Z%-subshift, but the converse is false.

For Sc 7% and a pattern u € o5, define Wy, (u) to be the set of F;-patterns
that appear in u:

Wy(w) = {ve 4™ 35 € €,(S), ulsg = v}.

For a fixed alphabet «7,if n < kand je[1, (k—n+ 1)%], then we define N,]; . o be
the number of patterns with shape Fj. containing exactly j distinct F,-patterns:

2.2) NY = tued W, = ).

Let X be a Z%-subshift. A finite orbit in X is a nonempty finite set y c X such
that for each x in 7, it holds that {o”(x) : p € Z% =y. A point x in X is a totally
periodic point if x is contained in a finite orbit. Let {y;}; be an enumeration of
the countable set of finite orbits contained in X such that if i < j then |y;| <|y;l.
We formally define a zeta function for X as follows:

x=T]0- tml)—l_

1
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Simple computations show that if X = &/ Z*_ then the radius of convergence of
(x(®)is |<Z)7! and (x(2) diverges to infinity at ¢ = lof |71,

2.3. Random Z%-SFTs. Consider a fixed alphabet < and a natural number d.
Let X = o2, For each a € [0,1] and n in N, we make the following definitions.
Set Q,, = {0,1}"»X)_ For each u in W,,(X), let &, : Q,, — {0,1} be the projection
onto the u-coordinate. Let P, , be the product measure on Q,, defined for each
u in W, (X) by
Ppoau=1)=a.

We view P, , as a probability measure on the Z¢-SFTs contained in < z,

which we explain as follows. For n =1 and w in Q, let

F () ={ue W,(X):¢{,(w) =0}

Then for each w in Q,, let X,, be the Z4-SFT built from by forbidding the
patterns in & (w):

Xp=lxeX:VpeZ% aP(X)r, ¢ F ()}

This definition is equivalent to the description given in the introduction.

Let K,(X) denote the finite set of Z?-SFTs contained in X that may be de-
fined by forbidding only patterns in W, (X). We include the empty Z¢-SFT as an
element of K, (X) for all n. Then the map w — X,, is a surjection from Q, onto
K, (X). Therefore P, , projects to a probability measure on K,(X), and it is in
this sense that we refer to X,, as a random Z%-SFT.

2.4. Two simple combinatorial lemmas. We will use the following two elemen-
tary lemmas, whose proofs are included for completeness.

LEMMA 2.2. Suppose S is a finite set and {U; : i € ¥} is a collection of subsets of
S such that for each s in S,

{ie #:s5€U;} <c.
Then
Y Uil = clS].

ied
Proof. Let S={(i,s) € # x S: s€ U;}. Then we have

Y Ui =181=Y I{(G,9) : se Ul < clS.
ied seS

O
LEMMA 2.3. Let {L;};c.s be a finite set of intervals in Z. Then there exists 9' < &
such that
UcLi=U L

ice¥ ey’
and for each x in Z, it holds that

Hies :xeLj}| <2.
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Proof. Let %y = .¢. Now assume for induction (on m) that .#,, is defined. If
there exist iy, iy, i3 € .y, such that L; < L;, U L;,, then let .Z,,.1 = %, ~{i1}. As
# is finite, this process eventually halts, resulting in a set .#’ ¢ .#. Note that
the union of intervals in each .%,, is the same as the union of the intervals in
&. Also, if there exists x in Z contained in three distinct intervals in .#’, then
at least one of those intervals is contained in the union of the other two, which
contradicts the definition of .#’. Hence .#’ has the desired properties. O

3. EMPTINESS AND FINITE ORBITS

In this section, we investigate the probability of the event that the random
Z9-SFT is empty, an event that we refer to simply as emptiness. As evidenced by
the presence of the zeta function in Theorem 1.1, the probability of emptiness
is intimately related to the probabilities associated to allowing each of the finite
orbits. For an idea about how this connection might arise, consider the basic
observation that any finite orbit y is contained in the random Z¢-SFT with prob-
ability a!"» since y is in X, precisely when each of the F,-patterns in y is
allowed. If n is large relative to |y|, then |y| = |[W,(y)I. In this case, the probability
of forbidding y is 1—a!"!. Now if each of the finite orbits were forbidden indepen-
dently (which is most certainly not the case), then the probability of forbidding
all the finite orbits would be the infinite product [](1 - a""h) = {x(&)7". Fur-

thermore, if emptiness were equivalent to forbiddingl all the finite orbits (which
is also not the case), then we would obtain that the probability of emptiness
equals { x (a)"!. The proof of Theorem 1.1 involves showing that despite the fact
that above heuristics are not true, the result still holds asymptotically as n tends
to infinity.

Let us give a brief outline of this section. To find the limiting behavior of the
probability of emptiness, we find upper and lower bounds on this probability for
finite n and then deduce the limiting behavior from these bounds. The upper
bound, which is not difficult, appears in Section 3.1. Note that the upper bound
alone implies Theorem 1.1 in the case a = |«/|™!, since the upper bound tends
to zero in that regime. The most difficult part of the paper involves finding an
appropriate lower bound for the probability of emptiness in the sub-critical
regime, a < |/ |~1. Towards that end, we investigate the behavior of finite orbits
in Section 3.2. In Sections 3.3 and 3.4, we prove several lemmas that help us
show that the dominant contribution to the probability of emptiness comes
from the finite orbits; that is, if the finite orbits are forbidden from the random
Z9-SFT, then with high probability, all other orbits are forbidden as well. Finally,
we put these pieces together in Section 3.5 and prove Theorems 1.1 and 1.3.

3.1. Upper bound on probability of emptiness. The purpose of this section
is to present Proposition 3.2, which gives upper bounds on the probability of

emptiness. For X = «f Zd, by [26, Remark 6.3], the following upper bound holds,
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with Ry, as the radius of convergence of {x and &, as the event X, = &:

{x(@7!, ifael0,Ryer)

hm:up Pra(En) = { 0, ifae [Rper» 1].

This bound is sufficient to give the correct upper bound on the limit in Theorem
1.1, but in order to establish a rate of convergence of P, ,(&},) to its limit, we
use the more detailed estimates in Proposition 3.2.

Before we prove Proposition 3.2, we require the following lemma, which gives
a condition under which two distinct finite orbits have disjoint sets of F,,-patterns|j
The importance of this lemma is that if a collection of orbits has disjoint sets of
F,-patterns, then these orbits behave independently with respect to Py, 4.

LEMMA 3.1. Suppose v, # Y2 are finite orbits such that |y;| < n/2 fori =1,2.
Then Wy, (y1) N Wy, (y2) = 9.

Proof. Suppose for contradiction that y; and y» are finite orbits with |y;| < n/2
and W, (y1) N Wy, (y2) # &. We would like to show that y; = y». Let u be in
Wy (y1) N Wy(y2), and let x! be in Yi such that inFn_l = u. Let us show that
x! = x%, which implies that y; = y» (since they are assumed to be finite orbits).

Let p = (p1,...,pq) be in 7%, Let us show that xl(p) = xz(p). Define gy =
0€ 7% and g = Z?lejej, for k = 1,...,d. Let us prove by induction on k
that 0% (x1)|g,—1 = 0% (x?)|p,-1 for k=0,...,d. Since x'|g,_1 = u = x*|g,_1 by
construction, the statement holds for k = 0. Now suppose that g9« (x| Fp-1=
0"’<(x2)|Fn_1 for some k < d. Recall that w1 (F,) ={v€ F), : vj41 = 1}. Fori =1,2,
define f;:Z — o™ 1) by

fim) = 0T (X)) |, (Fr)-1+mes, -

Since y; is a finite orbit and |y;| < n/2, we have that f; is periodic with period
less than or equal to n/2. Furthermore, by the inductive hypothesis, fi(m) =
fo(m) for m =0,...,n—1. Thus, by the Fine-Wilf Theorem [11], we have that
fi = f». In particular, we have shown that g7+ (x)|, 1 = 0%+ (x?)|, 1, which
completes the inductive step. Hence, o” (x!)|,-1 = 0” (x*)|F,-1, which gives in
particular that x!(p) = x?>(p). Since p was arbitrary, we conclude that x!' = x?,

which finishes the proof. O

The following proposition gives upper bounds on the asymptotic behavior of
the probability of emptiness. The main idea of the proof is to use Lemma 3.1 to
find a large set of finite orbits which are independent with respect to P, 4.

PROPOSITION 3.2. Let </ be a finite set, d be in N, and X = .szfzd. Let Per(X,,) be
the set of finite orbits in X,,. Then for each « in [0,1] and any n,

3.1 Pua(Per(X,)=2)< [ (1-a"),
lylsn/2

where the product runs over the finite orbits vy in X satisfying |y| < n/2. Fur-
thermore, for each a < |/|™!, there exist C >0 and € (0,1) such that for large
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enough n,
3.2) Pra(Per(Xe) = 2) < {x (@) (1 +CB,
and for each a > |71, there exist C > 0 and 8 > 1 such that for large enough n,

(3.3) Pp,a(Per(X,) = @) < exp(—-Cp").

Proof. Let X and Per(X,,) be as above, and let a be in [0, 1]. For a finite orbit y in
X, let F(y) be the event that y is forbidden in X,, (i.e., v ¢ Per(Xy,)). By Lemma
3.1,ify; #y2 and |y;| = n/2 for i = 1,2, then W, (y1) n W, (y2) = &, and therefore
the events F(y;) and F(y,) are independent. In fact, the entire collection of
events {F(y) : |yl = n/2} is independent. Thus, by inclusion, independence, and
the fact that P, o(F(y)) =1— aWnl =1 — " whenever |yl < n/2, we have

P,q (Per(X,) =®)sﬂﬂ>n,a( N F)
lylsn/2

= 1_[ Pn,a(F(')’))

lylsn/2

=11 1—a'Y'),
lyl=n/2

which proves (3.1).

Now suppose a < l</|7! (so that a]</| < 1). Choose A such that |</| < A and
aA <1. Let P; be the set of finite orbits y in /2" such that |yl = j. Then by (3.1)
and the fact that 0 < { x(a) < oo for a < |<Z|~!, we have

PrePer(X,)=2)< [] (1-a)
lylsn/2

(3.4) =Cx(a)‘1exp(— > log(l—a'Y'))

lyl>n/2

= Cx(a)_lexp(— )" IPjllog(1- af)).

j>nl2

Note that for all j in N, we have |P;| < j”lJrl l/|) (see [22, Proposition 4.3]). Thus,
there exists ng such that for j > ng/2, it holds that |Pj| < /. Let 1 = (aM)!/?,
and note that §; <1 (since aA < 1). By calculus, there exist C;,C, >0 and n; =
no such that if n = n; and j > n/2, then —log(l — a’/) < C;a’ and exp(C; (1 —
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axl)‘lﬁ{’) <1+ C,BY. Then for n = ny, using these facts and (3.4), we obtain

IPn_a(Per(Xw):Q)S(X(a)_lexp(— > Ilelog(l—ocj))
j>nl2

< {X((x)_1 exp(Cl Z /ljaj)

j>nil2
=(x(a)! exp(clﬂ{l(l - a/l)l)

<{x(@ 1A+ CBD.

Taking C = C; and f = 8, we obtain (3.2).
Now suppose a > |<Z|~! (so that a|<#| > 1). Choose A < |</| such that ad > 1.
By (3.1), we have

Ppa(Per(X,)=2) < [] (1-a")
lyl=n/2

(3.5
= exp( Y. |Pjllog(l- aj)).
jsnl2

To get a lower bound on |P;|, we count the finite orbits of cardinality j that are
constant along directions e», ..., e;. A point in such an orbit can be obtained by
concatenating a word of length w of length j along direction e;, provided that
the infinite sequence of repeated w’s has least period j. There are at least ||/ /2
words w that with that property, which shows that there are at least |.«/|//(2})
finite orbits of size j obtained in this way. Hence, | P;| = |of 1972 j), and therefore
there exists n, such that if j = [ny/2], then A <|P il. Also, there exist C3 >0 and
ns = ny such that if j = [n3/2], then log(1 - a’) < —Csa’/. Hence, for n = ns, by
these facts and (3.5), we have

Ppq(Per(X,) = @) <exp| ). Ilelog(l—aj))
j=snil2

< exp| A 1og(1 - aL”/ZJ))

<exp —Cg(a/I)L"/ZJ).
Setting C = C3(al)~! and B= (aL)1’? completes the proof of (3.3). O

3.2. Periodic behavior. The ultimate goal of this section is to prove Lemma 3.5,
which states that if |[W, (u)| is small enough, then there exists a finite orbit y
such that y is allowed whenever u is allowed. First, we need some preliminary
notation and lemmas.

For the next few lemmas, we’ll consider combinatorics of patterns with d =1,
which we will call words. Suppose k and n are fixed and k > n. For a word u in
K, let W), (u) be the set of words of length m that appear in u at least once
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with first coordinate not greater than k—n+ 1:
Wy,(w={w:3<i<k-n+1,uli,i+m-1=w}h

The following two lemmas are restatements of results by Morse and Hedlund
[27]. Nonetheless, we include proofs for completeness.

LEMMA 3.3. Suppose k> n, u € % and [Wy(w)| < n. Then at least one of the
following conditions holds: (i) there exists m < n such that every word in W,’n(u)
has a unique right extension in W, ., (u), or (ii) there exists a symbol b in o such
thatu;=Db forte[l,k—n+1].

Proof. For 1 < m < n,let p,,: W, ,(u) — W, (u) be defined by removing the
last symbol of any word of length m + 1, i.e., if w is in &/™ and a is in </, then
pm(wa) = w. Then p,, is surjective, so |W, ()| =W, (u)|.

If (ii) holds, then we're done. Suppose (ii) does not hold, and therefore we
must have |W](w)| = 2. If W], (w)| = |W,,(u)| for some m < n, then p,, is a
bijection, and hence every word in W}, (u) has a unique extension in W), _, (u).
Otherwise, W, ., (u)| > |W,,(u)| for m=1,...,n—1, and therefore |W},(u)| = (n—
1)+ |W1’(u)| > n+ 1, which contradicts |W),(1)| < |[W,(1)| < n. We conclude that
if (ii) does not hold, then (i) must hold. O

In the following lemma, we show that words u (still in the setting d = 1)
satisfying |W, (u)| < n, can be decomposed into a prefix, a periodic part, and
a suffix, and we give bounds on the lengths of these parts.

LEMMA 3.4. Suppose k > 3n and |W,(u)| = j < n. Then the word uln, k —n] is
periodic with period not greater than j.

Proof. If there exists a symbol b in o such u; = b for t € [1,k — n + 1], then
the conclusion holds trivially. By Lemma 3.3, if there is no such symbol, then
there exists m < n such that every word in W), (u) has a unique extension in
Wr’n+1(u). Leti€[l,k—2n], and let w = ul[i,i + n—1]. Write w = w; w», where
|wo| = m. Note that w, is in W), (u) (since i < k—2n and w has length n), and
therefore w, has a unique right extension in W, _, (u). Hence, w has a unique
right extension in Wr’l +1(). We have shown that u[i +1,i + n] is determined
uniquely by u[i,i + n—1] for each i in [1, k — 2n]. Since |W, (u)| = j, there exist
1<t <ty <j+1suchthat ult;,ty + n—1] = ulty, to + n—1]. Since ul[i +1,i + nj
is determined uniquely by u[i,i + n—1] for each i in [1, k —2n], we now have
that ult; +0(t, — 1), H+€(t,— ) +n—1] = ult, 1 + n—1] for all £ such that
t1 +4(t, — t1) < k—2n. Thus, the word u[n, k — n] is periodic with period not
greater than j. O

We now return to the general setting of patterns on subsets of Z4, with arbi-
trary d = 1. Suppose u is in «f Fc The following lemma shows that if |W,,(u)] is
small enough, then there exists a finite orbit y such that y appears in X,, when-
ever u does. In the proof, we show that if |W,(u)| < n/2, then ulin, (F,) is a totally
periodic pattern that can be extended to a totally periodic configuration on Z¢
without adding any new F,-patterns.



14 KEVIN MCGOFF AND RONNIE PAVLOV

LEMMA 3.5. Suppose k > 4n, u € o/, and |W,(u)| < n/2. Then there exists a
finite orbit y such that W, (u) > W, (y) and |y| < n/2.

Proof. Let k> 4n and u € «/F* with |W,,(u)| < n/2. Recall that 7; is the projec-
tion of Z% onto the hyperplane passing through 1 perpendicular to the standard
basis vector e;. For each i € [1,d], we define f; : [0, k— 1] — «/™F) by

(3.6) fz(m) = u|m(Fn)+mei'

Viewing f; as a word of length k (with alphabet «¢™») and d = 1), we see that
each word of length 7 in f; corresponds to an Fj-pattern in u. Hence |W,,(f;)| <
Wy ()| < n/2. Then by Lemma 3.4, we obtain that f;l(,; k- is periodic with
period not greater than n/2.

For each i in [1,d], define r; as the least period of f;|[;x—n. Let L be the
lattice in 74 generated by {rjej,...,rge4}. Let us now show that if p € L and
Fp+(n—11+ p cint,(Fy), then

(3.7 UlE,+(n-1)1 = UlF,+(n-1)1+p-

Fix such a p, and note that r; divides p; for each i = 1,...,d. For each j in
(1,d], let q; = Z{:I piei, so that p = g4. Let go = 0 € Z%. We claim by induction
on j that ulg,+(n-11 = UlF,+(n-1)1+q; for each j € [0,d]. The base case (j = 0)
is trivial. Now suppose for induction that u|r, +-1)1 = Ul Fyt+(n=D1+q; holds for
some j < d. Define g:[0,k—1] — o Ti+1(Fn) by

8(m) = ulx,;,,(F)+(n-1+g,+mej,, -

Viewing g as a word of length k, we see that |[W,(g)| < |W,(u)| < n/2. Then by
Lemma 3.4, we obtain that g|(,, x—p) is periodic with period not greater than rn/2.
Furthermore, the inductive hypothesis gives that gl(;2n-1] = fj+1lin,2n-1) (recall
that f;,1 was defined in (3.6) above). Then by the Fine-Wilf Theorem [11], we
conclude that gli; k—n) = fj+1lin,k—n- Since rj1 is a period for fji1ljnx—n (by
definition of rj.1) and glink—n) = fj+1link—n), We see that rj1 is a period for
8lin k-n- Since ;.1 divides pj41 (since p is in the lattice L), we conclude that

(3.8) UlF,+(n-D1+q;41 = UlE,+(n-11+g;-

Combining the inductive hypothesis with (3.8), we obtain

UlF,+(n-1)1+qj.1 = UF,+(n-D1+q; = UIF,+(n-D1-

which concludes the inductive step. Hence u|g,+(n-1)1 = UlF,+(n-11+p, and we
have verified (3.7).

With (3.7) established, let us now construct the finite orbit in the conclusion
of the lemma. Let D = nl + H?:l [0,7; —1]. Let x be the point in dzd defined by
x|p = ulp and x(v+r;e;) = x(v) for all v in Z%. Let y be the finite orbit containing
x. Note that D is a fundamental domain for y (meaning that every point in y
is uniquely determined by its restriction to D). Then by (3.7) and the fact that
k > 4n, we have that

(3.9 {xIF,+v-1:vE€ D} ={ulp,+y-1: v € D}.
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By (3.9), we obtain

Wy(y) = Wy(x)
= {Xlp,+v-1: VED}
={ulp,+v-1:v€ D}
c Wy(u).

Furthermore, since D c F;,+ (n—1)1 and any point in y is determined by its re-
striction to D, we have that |y| = |W,(x)|. Therefore we have that |y| = |W,(x)| <
| W, (w)| < n/2, which concludes the proof. O

3.3. Basics of repeat covers. In the following lemmas, we establish some basic
results relevant to repeat covers. (Recall that repeat covers and associated nota-
tion are defined in Section 2.1.3.) These results are used in Section 3.5. First, we
show that a pattern u with shape E is uniquely characterized by a repeat cover
J of u and the pattern u|ga(j).

LEMMA 3.6. Suppose ] € €, (E) x 6,(E) and w € « 54V Then there is at most
one pattern u in 4 such that ulg_a) = w and ] is a repeat cover for u.

Proof. Let J € 6,,(E) x 6, (E) and w € «#5>4Y) be given, and suppose u, v € o/
satisfy

(@ ulg-ag =Vlg~ap =w,
(b) J is a repeat cover for u, and
(c) Jis arepeat cover for v.

We will show that u = v. In fact, we will show that u; = v, for each t in E by
induction on ¢ (in the lexicographic ordering). Let m = m(E) be the lexicograph-
ically minimal element of E. By the definition of repeat cover, m is not in A(J).
Therefore u,, = v, = wy, by (a). Now suppose for induction that ¢ is in E and
us = vs for all s in E with s < ¢. If ¢ is not in A(J), then u; = v; = w; by (a).
Suppose that ¢ is in A(J). Then there exists (S1,S2) € J such that t € S,. Let
p =m(S2) —m(Sy). Since (S, S») is a repeat for both u# and v (by (b) and (c)), we
have that u; = u;—, and v; = v;_p,. Since m(S;) < m(S,), we have that t —p <,
and therefore u;_, = v;—, by the induction hypothesis. Hence, we have shown
that u; = us—p = v;—p = vy, which completes the proof. O

In the following lemma, for a pattern u with shape Fj. and an n-repeat cover
J for u, we bound the cardinality of Fy ~ A(J) in terms of the number of distinct
Fp-patterns in u. The rough idea is that each p in Fj can be associated to a
pattern in W, (u). The pattern associated to p is either the lexicographically
first occurrence of that pattern, in which case it contributes to |W, (u)|, or it
is a repeated Fj,-pattern, in which case it contributes to |A(J)|. This imprecise
argument gives the idea that | Fi| = [W,(u)|+|A(J)|. The following lemma makes
this idea precise by defining an injective map from a large subset of F ~ A(J)
into W, (u).
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FIGURE 2. An example of the set T = A(J) U (Hf“) U sz(z)). The
set A(J) appears shaded. Here £(i) is labeled L(i) for each i =
1,2, and the sets Hf(’) are bounded by dashed lines.

LEMMA 3.7. Suppose k> 2d +1)n, u € o™ with \W,(uw)| = j, and J is an n-
repeat cover for u. Then

kd—lA(])Isj(1+MTn).

Proof. Let k > (2d + 1)n, and let u be in o Tk with [W,(w)| = j. Let J be an n-
repeat cover for u. For i € [1,d] and £ € [1, k—n+1], define Hf to be the width-n
hyperplane perpendicular to e; at position ¢:

H ={veFp:v;iell,0+n-1]}.
Note that Ug(Hf ~ A())) = Fi.~ A()), and for each point p in Fy,
Hl:pe Hf}l <n.
Therefore (by Lemma 2.2),
(3.10) ;mf ~ AW = nlF~ A = n(k? = |AU)D).

For each i € [1,d], choose #(i) such that IHf(i) ~A()| = IHf ~ A(J)| for all 4.
Using that the minimum of a finite set of real numbers is less than or equal to
the average and then applying (3.10), we have that

n(k? = 1ADD

, 1
(3.11) O~ A s ———= Y IH] ~ AUl = ———
2 -

k—-n+1

For ease of notation, define the set
T=A)U (UHf(”);
i

see Figure 2. We now claim that there is an injection from Fjy ~ T into W, (u),
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FIGURE 3. A decomposition of Fy as R| U Hf(l) L Rf; here Ry

appears shaded, R} appears with stripes, Hf (0 appears in be-
tween, and L= ¢(1).

and therefore
(3.12) |Fi~T| < IWu(w)| = j.

Let us prove the claim. For each i € [1,d], let R;r (R;) be the “half-hypercube”
on the “+” (“-") side of the thickened hyperplane Hf(i), ie, R ={peFr:p;>
/(i)+n-1} and R ={peFr:pi< £(i)} (so that Fy = RS qu(i) uR;, as in Figure
3). For each w in {+,—}%, let R(w) be the “hyper-quadrant” R(w) = ﬂiRl.w". Also,
for an n-cube S in 6, (Fy), let S(w) be the corner in S specified by w: if S = F,,+v,
then S(w) is the point whose i-th coordinate satisfies

1, ifwi:—

S(W)izvi+{ n, ifwi:+.

Now for p in R(w), let S;, be the n-cube in €, (Fy) such that S(w) = p. Since
each Hf(i) has width 7z (in the i-th direction), we have that the map Fk\(Uin(i)) —»I
6n(Fy) given by p — S, is an injection. Finally, we have that the map from F~T
into Wy, (u) given by p — uls, is an injection. Indeed, if p,g ¢ T and uls, = uls,,
then S, = S, (since J is a repeat cover and p,q ¢ A(J)), and therefore p = g
(since p— S, is injective).
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By (3.12), union bound, and (3.11) we have that

j=|F~T|= k%=1 -

i
= k"~ 1A= L IH{" ~ A0

dn(k® —1A())
k-n+1

_pd __iﬁL_)
= (k |A(1)|)(1 ).

> k- 1A -

Dividing by 1 - % gives

1
d .
(3.13) k —|A(])|S](j)
k-n+1
Since k > (2d + 1)n, we have that n—1 < k/2 and dn/(k—n+1) < 1/2. Using
these facts, along with (3.13) and the elementary fact that if 0 < x < 1/2, then

L <1+2x, we see that

I-x =
K= i g = i1 o =1 2
=J 1—-dn =J k—n+1) -7 k)
k—n+1
as desired. O

3.4. Repeat covering lemmas. The purpose of this section is to construct “effi-
cient” repeat covers J, where “efficient” means that |J| is small enough for our
purposes. Consider u in /% with |W,(u)| = j. The case j < n/2 is handled
by Lemma 3.5, and we will not deal with that case in this section. For j = n/2,
we construct a repeat cover of u by decomposing Fj into three regions and
covering the repeated F,-patterns in each region separately. The decomposi-
tion of Fy that we use depends on j as follows. If £ = 1 is an integer such that
n’15% < j < n?*1/34, then we decompose F; into the following three regions: i)
a (relatively) small neighborhood of the ¢-skeleton of Fy, ii) the n-neighborhood
of the ¢/-skeleton of Fj. (minus the first region), and iii) the complement of the
first two regions. These three regions are handled separately with help from
Lemmas 3.8, 3.9, and 3.10, respectively. In Lemma 3.11, we combine these lem-
mas to produce a repeat cover J for u with an upper bound on |/|. The culmi-
nation of this section is Lemma 3.12, which gives an asymptotic upper bound
on |J| under some conditions on the asymptotic relationship between the pa-
rameters involved in constructing these repeat covers. The purpose of all of this
work is that Lemma 3.12 plays an important role in the proof of Theorem 1.1
given in Section 3.5.

3.4.1. Covering sets near a face. The following lemma allows us to find efficient
covers of sets near a face of dimension at least 1. For example, see Figure 4. We
achieve this efficiency by reducing the problem to a one-dimensional covering
problem and applying Lemma 2.3.
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1 n k

FIGURE 4. A union of n-cubes in Fy, near the face E = Fi.(.4, s),
which is chosen to be the left edge. Notice that the bold n-cube
may be removed without changing the union of the collection.

LEMMA 3.8. Suppose E = Fy(.4,s) is a face of dimension ¢ = 1 in Fy, and let
R = B(E, n)N Fy. Further suppose that € c €,(Fy), and let U = Ugex(SNR). Then
there exists €' = € such that U = Usce' (SN R) and |€’| < 2|U|/n.

Proof. Let E, R, ¢ and U be as above. Since E has dimension at least 1, we
may assume without loss of generality that 1 ¢ .#. (If .# does not satisfy this
condition, then we may rotate Fy so that it does.) Let L,, be the line segment of
Fy, in direction e; passing through 1, i.e.,, L, = {1+ me; : m€ [0,n—1]}. For each
S in €6, we define the line segment ¢(S) = L, + v, where v is the unique vector
satisfying S = F,, + v.

Let L be a line in direction e; that intersects R, and let

F=J¢©nL

Se€

By definition, F is contained in the line L, and {¢(S)N F: S € €} is a cover of F
by intervals. By Lemma 2.3, we obtain that there is a subset € (L) of 6 such that

e FclUseew (),

e (S) c L for each S€ € (L), and

 for each point p in F, we have |[{S€ € (L) : pe $p(S)}| < 2.
Now let

€' = Je(W).
L

where the union is over all lines L in direction e; such that LN R # &.

As €’ < €, we have Use SN R < U. To show the reverse containment, let
x € U. By definition of U, there exists S in € such that x € SNnR. Let L be the line
in direction e; containing ¢(S). By construction of 6 (L), we have that ¢(S) c
Usen®(S), and therefore S < Uge(1)S'. Hence there exists S’ in €’ such that
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FIGURE 5. Here we choose the face E = Fi.(.4, s), with .# = {1,2}
and s =1, i.e. E consists of the point 1. For the indicated point
p (which lies in (FynB(E, n))~B(E, 1)), we have 5 (p) = Q and
7s2(p)=4q.

x € S. Since x € U was arbitrary, we conclude that

U= J SnR.
Se¢’

Furthermore, for each p in U, we have that |{S € €’ : p € ¢p(S)}| < 2. Therefore
(using Lemma 2.2)

1€ In=")_ 1p©S)I=2| U ¢|=2[Ul
Ses’ Se6’
Dividing by n, we obtain that |€’| < 2|U|/n, as desired. O

3.4.2. Covering regions between faces and interiors. The goal of this subsection
is to prove Lemma 3.9, which will be used in Lemma 3.11 to construct efficient
repeat covers in regions of the form (Fy N B(F,¢, n)) ~ B(Fy¢,1), with r < n. In
order to do so, we will require some additional terminology.

Let E = Fi (.4, s) be a face of Fy (with notation as in Section 2.1.2). For p in
Fr and i in .#, let 75 ;(p) be the point in Fj defined by

. | po fort#1i
75,1 (Pt _{ s(i), fort=i.

Note that a single 7;; does not necessarily project all points to E, because it
only projects along a single direction (see Figure 5). Let Line(p, g) denote the
line segment in Fj from p to q.

Given a set T c Fy and a face E = Fi(.#, s), we say that p € T is (E, T)-necessary
if for each i € .#, we have that Line(p, 7;(p)) N T = {p}. For example, see Figure
6.
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FIGURE 6. Here we choose the face E = Fi.(.#, s), with .# = {1,2}
and s =1, i.e. E consists of the point 1. If T is the shaded region,
then there are three (E, T)-necessary points, marked with bold
dots. The dashed lines demonstrate why the middle point is an
(E, T)-necessary point.

Given a set T c Fi and ¢ € [0,d], we say that p e T is (¢, T)-necessary if p is
(E, T)-necessary for some face E of dimension ¢. Observe that if p is an (¢, T)-
necessary point in Fy ~ B(Fy ¢, r), then there exist a face Fr(#, s) of dimension
¢ and i € ¢ such that Line(p, 75 ;(p)) N T = {p} and |Line(p, 75 ;(p)) ~{p} = 1.

The following lemma bounds from above the number of (¢, T)-necessary
points contained in (Fx N B(Fg, ¢, n)) ~ B(Fg,¢, ). This lemma is used in Lemma
3.11 to find efficient covers of A(J) in the region (Fx N B(Fk ¢, n)) ~B(Fy¢,1).

LEMMA 3.9. Suppose n < k and T c Fy. Then for any ¢ € [0,d —1] and r € [1,n),
the number of (¢, T)-necessary points in (Fi. N B(Fy ¢, n)) ~ B(Fy ¢, 1) is less than
d(k?—|T))/r.

Proof. Let n, k, T,¢ and r be as above. Let A" be the set of (¢, T)-necessary
points in (FxNB(F,¢, n))~B(Fy ¢, 7). If p is in A&, then there exist a face Fr(.#, s)
of dimension ¢ and i € .# such that Line(p, 75 ;(p))NT = {p} and | Line(p, 7s,; (p))~}
{p}| = r. Arbitrarily choosing such a pair (F;(.9,s),i) for each (¢, T)-necessary
point p, we let L, = Line(p, 75,;(p)) ~{p}. Hence L, < F~T and |L,| = r. Note
that for g in Fy,

lpeN:qelyl<d,

by the definition of necessary points and the fact that there are only d cardinal
directions in Z9. Thus (by Lemma 2.2), we have that

(NIr< Y Iyl <dIFe~TI=d(k? - T,
peEN

which shows that |A| < d (k% —|T])/r. O
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3.4.3. Covering the interiors of hypercubes. In the following lemma, we produce
an efficient sub-cover of the interior of a hypercube under the condition that
the interior is “covered densely," in some sense.

LEMMA 3.10. Let F c Z% be a hypercube with side-length k in dimension dj.
Suppose € < €, (F) has the property that for each p inint, (F), there exists S€ €
such that if c is the center of S, then p(p, c) < nl6. Then there exists €' <€ such
that

1. int,(F) cUge¢ S, and
2. |€'| < 2kIn).

Proof. Let F and ¥ be as above. Fix a set 22 c int, (F) that is n/2-separated and
whose n/3-thickening covers int, (F), i.e.,

() if p,ge2? and p(p,q) < n/2, then p = g;
(i) int,(F) cUpew B(p, n/3).

(Note that such a set always exists. For dy = 1, let k—2n = m(2n/3) + r, with
r < 2n/3. Define points xl? =n+i(2n/3)+s,fori =1,...,m. Then there exists
some s < n/3 such that {xl?} ; satisfies conditions (i) and (ii). For dy > 1, take the
dp-fold product of the set constructed for dy =1.)

For each p in 22, arbitrarily choose an n-cube S(p) in € such that p(p,c) <
n/6, where c is the center of S(p) (and note that it is always possible to make
such a choice by the hypothesis of the lemma). Let €’ = {S(p) : p € 2}. We claim
that €’ satisfies the conclusions of the lemma.

To verify (1), let g be in int, (F). Then by (ii), there exists p in 2 such that
o(p, q) < n/3. Let ¢ be the center of S(p). Then we have

- _n.on_n
plg,c)=p(p,q)+p(p,c) < s t5= 7
Hence ¢q is in B(c,n/2) = S(p). Since g was arbitrary, we have verified (1).

Let us now verify (2). First, we show that the map p — S(p) is injective on 22.
Indeed, suppose S(p) = S(q) for p, g in 22, and let c be the center of S(p). Then
by definition of S(p) and S(g), we have p(p,c) < n/6 and p(q, c) < n/6. Hence

n n n

p(p,q)Sp(p,C)+p(q,C)=g+g= 3

Now by (i), we conclude that p = g, and therefore p — S(p) is injective on 2.
Thus €| = |2|.
We now bound |22|. By (i) and the triangle inequality, we have that if p, g € &2
and p # q, then B(p,n/4)n B(q,n/4) = &. Hence
12|(n12)% = Y |B(p,ni4)] = <|F|=k%.
peEP

U Bp,n/4)
peP

Thus, we have that |€’| = |2| < (2k/n)%, as was to be shown.
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3.4.4. Finding efficient repeat covers. In Lemma 3.11, we combine our results
from Sections 3.4.1, 3.4.2, and 3.4.3 to construct “efficient” repeat covers. Such
repeat covers are built by decomposing the hypercube Fj. into three pieces and
covering each piece separately. Each one of Lemmas 3.8, 3.9, and 3.10 is used to
bound the number of repeats needed to cover one of these pieces. Note that in
our application of Lemma 3.11, we will choose r and ¢ depending on j and n.

LEMMA 3.11. Supposere|[l,n), ¢€(l,d—-1], j< nt*1139 and u is in o/ Fx with
W, (w)| = j. Then there exists an n-repeat cover ] of u such that

Krd=t  dik?—1AD) d (Zk)”’c
" + + Cd,do ,

)3

IJI1<2cq4¢
r do=0+1

(recall that cq ¢ is the number of faces of Fy. of dimension ¢).

Proof. Letr, /¢, j, and u be as above. Let J' be an n-repeat cover of u. We consider
Fy as a union of three regions, Fy. = R} UR» U R3, defined below. We will construct
a repeat cover J of u by selecting repeats from J' to cover A(J') in each of these
regions separately.

Let R; be the r-thickening of the ¢-skeleton in Fy: Ry = B(F¢,7) N Fy. Let Ry
be the n-thickening of the ¢-skeleton in Fy minus Ry, i.e. Ry = (FxNB(Fy¢, 1))~
B(Fy,¢,1). Lastly, let R3 = Fi.~ (R; URy) = Fi.~ B(Fy,¢, n). In light of (2.1), we have
that

(3.14) R3=Fi~B(Fre,m)= || TuB),

E face of Fy.

dim(E)=0+1
where T, (E) denotes the “n-thickened interior” of a face E (defined in Section
2.1.2).

Let us now select repeats from J' that cover R; n A(J'). Note that R; is the
union of all the sets B(E,r) N Fj, where E is a face of Fj. of dimension /. Let
€ =1{S2:(S1,S2) € J'}. For each face E of dimension ¢, we apply Lemma 3.8 and
conclude that there exists a subset J; (E) < J' such that

BENNAU = |  S:nBE
(3.15) (81,52)eh (E)
— B(E, 1) " AUL(E)),
and
! l..d-¢
(3.16) gy By < ABENNAUI 2k T

n

Let J; = UgJ1(E), where the union runs over all faces of Fy of dimension ¢. By
(3.15) and (3.16), we have

(3.17) RinA(J) =R nAUL),

and
¢ pd—t

(3.18) IJ1l=2cq,e



24 KEVIN MCGOFF AND RONNIE PAVLOV

Let us proceed to select repeats from J' that cover R, N A(J'). Let T = A(J").
Let & be the set of (¢, T)-necessary points in Ry. For each p in .4/, arbitrarily
choose a repeat (S1(p), S2(p)) in J' such that p € S,(p), and let J» = {(S1(p), S2(p)) :
p € &}, We claim that

(3.19) Ryn AU) = Ro (AUD U AUR)-

By definition, the set on the right-hand side is contained in the set on the left-
hand side. Let g be in R, n A(J"). If g is in .4, then by construction there exists
a repeat (S1,S»2) in J, such that g € S,. Suppose ¢g is not in A4/, i.e, g is not
(¢, T)-necessary. Since q is in B(Fy ¢, n), there exists a face E = Fi (¢, s) of di-
mension ¢ such that q € B(E, n). Let D be the region in Fj “between” g and E
(consisting of all vertices along shortest paths from g to E). Then there exists
an (E, T)-necessary point g’ in D (otherwise g would be (E, T)-necessary). If
q' is in B(E,r), then there exists a repeat (S1,Sz) in J; such that ¢’ € S,, and
therefore g € S, (since ¢ is in B(E, n) and ¢’ is “between” ¢ and E, any translate
of F,, inside Fj that contains g’ must also contain g). Otherwise, if g’ is not in
B(E, ), then ¢’ is in ./, and therefore ¢ € S»(q") (again, since ¢ is in B(E, n) and
q' is “between” g and E, any translate of F, inside Fj that contains g’ must also
contain q). In either case, g is in A(J1) U A(J2). Since g was arbitrary, we deduce
that (3.19) holds.
Furthermore, by definition of J, and Lemma 3.9, we have

dk? - A
520 21 = SEADD

Finally we select repeats from J' that cover R3 N A(J'). Let E be a face of Fy
of dimension dy € [£+1,d], and let € = {EN S, : (S1,S2) € J'}. Consider E as
a k-hypercube in Z%. Let p be in int,(E). In Z%, there n% /3% translates of
F;, whose centers are within n/6 of p. Since nd 3% > pl+l3d 5 |[W,, ()], the
patterns in u appearing at these translates cannot all be distinct, meaning that
there is a repeat. Thus, for each p in int, (E), there exists a repeat (S, Sz) in J'
such that p(p,c) < n/6, where c is the center of Sy. Applying Lemma 3.10, we
conclude that there exists J3(E) < J' such that

3.21) int,()c  |J S2nE,
(81,S2)€J3(E)
and
2k \%
(3.22) |]3(E)|S(7) .
By (3.21), we have that
(3.23) T.(E) c U S,.
(81,52)€J3(E)

Let J3 = UgJ3(E), where the union runs over all faces E with dimension in [¢ +
1,d]. Then by (3.23) and (3.14), we have

(3.24) R3n A(UJ") = R3n AU3).
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By (3.22), we have
d d
2\
(3.25) Bl< Y cad (—) .
dy=0+1 n

Finally, we set J = J; U Jo U J3. By (3.17), (3.19), and (3.24), we have that
(3.26) AU = A(D).

Since J' was an n-repeat cover of u and J is a subset of J' satisfying (3.26), we
have that J is an n-repeat cover of u. Furthermore, by (3.18), (3.20), (3.25), and
(3.26), we have that

VIEIVARIVARRVE]
Krd=t  dik?—1AD) d (2k)d0
+ + Cd,do .

)3

=2c4y
r do=0+1

n

O

We conclude this section with the following lemma, which quantifies the
asymptotic efficiency that we can guarantee for repeat covers. This lemma plays
a crucial role in obtaining the lower bound on the probability of emptiness in
Section 3.5. The proof of the lemma involves a direct application of Lemma
3.11 and some calculations. In Remark 3.13, we provide examples of sequences
{f(n)} and {r,} that satisfy the hypotheses of the lemma.

LEMMA 3.12. Suppose {f(n)} and {r,} are sequences such that

1. f(n) —oo;
2. log(n)/r, — 0;
3. f(n)ry=o((n/logn)"'4).

Letk = k(n) = nf(n). Forany 5 > 0, there exists ng such that ifn = ny and u € o+
with |\Wy(w)| = j € [n/5%, (k—n+1)?], then there exists a repeat cover J for u such
that

J

lJl<é :
logn

Proof. Fix f(n) and r, as above, and let k = k(n) = nf(n). Let § > 0. By hypothe-

% and f(n)r, = gz(n)(n/logn)”d, where

g1(n) and g»(n) tend to 0 as n tends to infinity. For u in o/ % with |W,, ()| = j =
n4/3% we apply Lemma 3.8 to the hypercube Fj. (considered as a face of Fj of
dimension d) and conclude that there exists a repeat cover J for u such that

ses (2) and (3), we may write r,, =

|J| <2|Fl/n=2k%n.
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Then since f(n)¢ < g»(n)%n/logn and j = n?/3%, we have

1JI<2k%/n
— 2081 ()
San_lgg(n)dnllogn
:2g2(n)dnd/10gn
32-3dg2(n)d@
Since g»(n) tends to 0, there exists n; such that if n = n;, then 2-3dg2(n)d <.
Then for n = n;, we have that |J| <6 j/logn.

Now suppose n¢/5% < j < n/*1/3% for some ¢ € [1,d — 1]. Then by Lemma
3.11, for each u in «/F* with |W,,(u)| = j, there exists a repeat cover J such that

(3.27) IJ1<2cq4¢

>

'n do=0+1

Krd=t did-1a0n @ (zk)do
+ + Cd,d, .

Fix € > 0. By Lemma 3.7 and the fact that n/k =1/ f(n) tends to 0 (hypothesis
(1)), there exists n, such that if n = ny then | [ANI=(1+4dnlk)j<(1+¢€)j.
Applying this inequality in (3.27) gives that for n = n,, we have

Krd=t dd+e)j d 2k )%
(3.28) I <2¢40—2— + Ly ¥ cddo(—) .
n I'n do=0+1

Note that ¢y 4, < 24 and then we have
2 2k\® _ ad,
(3.29) > cd,do(—) <dakIn“.
do=l+1 n
Then for n = ny, by (3.28) and (3.29) we obtain that
{pa=t
rd(+e)L 1 aadkdnd

'n

IJI<2cq,e

+d4dg2(n)dn/10gn

<2€d€7’l gZ(”)dnllogn+d(1+e)g1(g)J

gi(n)j

<2€dgl’l g2(n) /logn+d(1+e) logn +d4dg2(n)dn/logn

&(n n)4 nlrd(l+ )g1( )
logn logn

g (n)? gl( )J
logn logn

< (2cq0 +d4%)
< (ch/+d4d) djtd(l+e)—~

< (5%2ca, +daD g (m)? +d(1 +e) g1 (n) 1—
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As g1(n) and g»(n) tend to 0 as n tends to infinity, we see that there exists ny =
max(n;, ny) such that for n = ny, we have

J
logn’

[Jl<6

O

REMARK 3.13. As an example of sequences {f(n)} and {r,} that satisfy the hy-
potheses of Lemma 3.12, one may take f(n) = r, = n* for any 7 satisfying 0 <
T < 5. In this case, one obtains k = k(n) = n'*7, g,(n) =log(n)/n’, and g (n) =

1
log(n)'/¥n?*~4. With this parametrization, the choice of T optimizing the up-

per bound in the proof of Lemma 3.12 is given by 7 = 57, which yields the

1
estimate |J| < Cj/n2a1 for some constant C.

3.5. Proofs of Theorems 1.1 and 1.3. In this section, we present proofs of The-
orems 1.1 and 1.3. As mentioned previously, the proof of Theorem 1.1 involves
finding both upper and lower bounds on the probability of emptiness. The up-
per bound is given by Proposition 3.2. The lower bound requires additional
work, and Lemma 3.12 plays a crucial role in that regard.

PROOF OF THEOREM 1.1. Let X = «/Z". Note that the radius of convergence of
{x(t) is |«Z|71. Also note that in the trivial case a = 0, we have Puol&n) =1=
{x(0)71, so the conclusion of the theorem holds in this case.

First consider the case a = |</|~!. By inclusion, we have P, o (&) <P, o (Per(X,,) =[}
). Combining this inequality with Proposition 3.2 and letting 7 tend to infinity,
we obtain the conclusion of the theorem for a = |«#|~! (since {x () diverges to
infinity for ¢ = |«/|71).

For the rest of the proof, we assume « < |«/|~!. Observe that for any k > n,
we have that

(3.30) Pna(&n) = Pn,a(Wk(Xw) =9),

by inclusion. For each u in &« Fe let F(u) be the event that u is forbidden (i.e.,
Wph(u) N & (w) # @). Then by (3.30) we have

(3.31) Pna(&n) = Pn,a(Wk(Xw) = @) = Pn,a( ﬂ F(u))

uest Fx
Let P; be the set of finite orbits y in X such that |y| = j. To each y in P; with j <
n/2, we associate a pattern uy in of Fe such that Wi (uy) = Wy(y) (and therefore
|Wh(uy)l = Iyl). Let So = {uy : |yl < n/2}, and let

S = {uedF’f:‘v’ye U Pj, Wa(y) ~ Wy (w) # @}.
jsni2

Let S= Sy S;. Note that if u € «/Fx < §;, then there exists a finite orbit Y such
that |y| < n/2 and W, (y) € Wy (u), and therefore F(uy) < F(u). Hence, we have

(3.32) [ Fw=()Fw.

uest Fr ues
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Since each F(u) is a monotone decreasing event (meaning that if w ¢ F(u)
and w < 7 coordinate-wise, then 7 ¢ F(u)), then by (3.31), (3.32), and the FKG
inequality (see [13] for a proof), we get

Pn,a(ébn)zpn,a( ﬂ F(u))

ueatFr

ues

= [[Ppo(F(w).

uesS

Using (3.33) and then re-writing, we obtain

Pn,a(éan) = l_[ Pn,a (F(u))

uesS

H 1- a,|Wn(u)|)

uesS

H (1- a|Wn(Uy)|) 1_[ a- a\Wn(u)l)

ues, ues;

= ] (1-ah H(l—a'w"(”)l).

lylsn/2 ues;

(3.34)

By Lemma 3.5, if u is in S;, then |W},(u)| > n/2. From (3.34) and this fact, we
see that

Pue@= [ a-a™ [ a-a™h

(3.35) lylsn/2 uesS;
' > ] a-a") [] a-a™ew,
lylsn/2 Wy, (w)|>n/2

Recall the notation (from (2.2))
N’ = tued (W)l = .

Then (3.35) gives

(k-n+1)¢ N
(3.36) Poa@n)= [] A-a") ] a-ah)™u
lyl=n/2 j=lni2]+1

Let us now show that there exist C > 0 and 0 < § < 1 such that for large enough
n, we have

(k—n+1)4 i
(3.37) [T a-a))™ul=exp(-cp")
j=n/2

As al</| < 1, there exist € > 0 and § > 0 such that a|«/|'*¢ < 1 and 86d <
—log(als/|17€). Also, let {f(n)} and {r,} be sequences satisfying the hypotheses
of Lemma 3.12 (they may be taken as in Remark 3.13), and let k = k(n) = nf(n).
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By Lemma 3.12, there exists ng such that if n = ng and u e N,];  With nis5%<js<
(k—n+1)%, then there exists a repeat cover J of u such that

o

Jl<é .
logn

For the moment, fix such a j. To each u in N,]; o let Jy, be a repeat cover of u
such that |J,| < 6j/logn, and let wy, = Ul € LAV Let

U={U,w): ] <En(Fr) x €n(Fy), we g4y,

Define a map ¢ : Ni ¢ — U by ¢(u) = (Ju, wy). By Lemma 3.6, ¢ is injective,

so that |N£ kl = |¢(N£ k)|' Also, let 22(S) denote the power set of a set S, and
define a map 7 : U — (6, (Fi) x €n(Fy)) by n(J, w) = J € €n(Fy) x €,(Fy). By
construction,

mop(N] ) =Ju:ueN, }

c{JCEn(Fr) x6€,(Fi) :1J1<6j/logn}.

(3.38)

Using (3.38) and |6, (Fy)| < k%, we see that

1m0 BN )1 < ] < GulFi) x €ulFr): 1] <8/ lognl]
< (kZd)éj/logn+l

(3.39)
Also, for each J € €, (Fi) x €, (Fy),
(3.40) |]'[_1(]')| < |d||Fk\A(1)| — |d|kd—|A(1)“

By Lemma 3.7 and 'ghe fact that n/k =1/ f(n) — 0, there exists n; = ny such that
ifn=nand ue N,]l o then

(3.41) k=AU <A +4dnik)j<1+e)].

By (3.39), (3.40), and (3.41), we obtain that for n > n; and n/5¢ < j< (k—n+
14,
INT 1= 1N )]
<|mo (N7 )l-max{lz ()] : J€ mo (NI )}

(3.42) , ) .
< k2d(5]+logn)/logn max{lgflk —|A(JW)] ‘ue N’]l k}

< k2d(5j+logn)/logn . |‘9‘¢|(1+e)j‘
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Since k = nf(n) and {f (n)} satisfies hypothesis (3) from Lemma 3.12, there exists
ny = ny such that if n = n,, then k < n?. Then by (3.42), for n = ny, we have

ajINlinl < af| g |(1+0)] 26 j+logn)logn
(3.43) = exp(j log(als?|'*€) +2d(8 j +logn)log(k)/log n)
< exp(j(log(al.szfl“e) +4d(6+log(n)/j))).
Since j = n/ 54 (so that log(n)/j tends to 0), our choice of § implies that there

exists ng = np such that if n = n3 then 4d(d +log(n)/j) < —log(aldl“e)/z. Hence
for n = ns, (3.43) yields

(3.44) ajIN,iynl < exp(jlog(algi|1+€)/2).
Letting Bo = (al</|'*€)1/? < 1, we see from (3.44) that
(k-n+14 i (k-n+1)4 j P
(3.45) Y dINgI= ) Bo=By 5
j=ni2 j=ni2 Bo

By calculus, there exist n4 = n3 and Cy > 0 such that for j = n4/2,
(3.46) —log(1-a’) < Cya!.
Then for n = ny, by (3.45) and (3.46), we have that

(k—n+1)4 N (k-n+D* )
H (1-a’) "k =exp Z IN’]%kllog(l—a])
j=ln/2]+1 j=nl2

>exp|-Co ). aJINi,k|

(k-n+1)4 )
j=ni2

1
= exp —Coﬂ(r]l/zl_—ﬁo).

Taking C = Co/(1— fo) and p = /% establishes (3.37).
Note that (3.35), (3.36) and (3.37) together imply that for large enough n,

(3.47) Pra@)z [] (l—am)exp(—Cﬁ”).
lylsn/2

Then (3.47) shows that for large enough n, we have
(3.48) P1a(En) = (x(@) " exp(-Cp").

By (3.48) and Proposition 3.2 (see (3.2)), we have that for a € (0, ||~ 1), there
exist C1,C, > 0 and B, B2, € (0,1) such that for large enough 7,

Pr,a(En)

— n —
(3.49) 1-C B < @

<1+ GCp5.
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Using (3.49) and calculus, we have that there exist C3 > 0 and 3 € (0,1) such
that for large enough n,

PraEn) —(x(@ ' < {x(@ 7' G35,
which concludes the proof of the theorem. ([l

We are now in a position to prove Theorem 1.3. The proof of Theorem 1.3
follows easily from Proposition 3.2 and an estimate obtained in the proof of
Theorem 1.1.

PROOF OF THEOREM 1.3. Let ¢, d, and ¥, be as the statement of the theorem.
By inclusion, we have

(3.50) Pn,a((gn) = Pn,a(Per(Xw) = o).

For a > |«/|7!, the probability that X, has no finite orbits tends to 0 at least
exponentially in n by Proposition 3.2 (see (3.3)), which establishes the conclu-
sion of the theorem for a > |<Z| L. For a = |<Z|!, the combination of (3.50) with
Proposition 3.2 yields the desired conclusion.

Now suppose a < lof |71, By (3.37) and calculus, there exist C4,Cs > 0 and
B4, Bs € (0,1) such that for large enough 7,

(3.51) Ppa(En) = (x(@) texp(—CaB) = {x (@)1 - C5BD).

By (3.2), (3.37), and (3.51), we have that there exist Cg, C7 > 0 and g, 87 € (0,1)
such that for large enough n,

Pna (%) = Py« {Per(X,) = @} ~ En)
=Py, Per(Xy) =) — |]:Dn,oc(ébn)
<{x(@ A+ Cef) —{x (@) (1-C7p)
<{x(a) ' Csfg,

where Cg = 2max(Cg, C7) and Bg = max(fg, f7). By (3.52), we have completed
the proof. (|

(3.52)

4. ENTROPY

In this section we investigate the entropy of random Z%-SFTs. The proof
of Theorem 1.2, presented in Section 4.2, involves two second moment argu-
ments, one providing an upper bound on entropy and the other providing a
lower bound on entropy. To prepare for this proof, we prove several lemmas
in Section 4.1. These lemmas estimate the asymptotic behavior of the first and
second moments of several random variables used to bound entropy. One ran-
dom variable counts the number of patterns on F that avoid the forbidden
F,-patterns (see (4.1)), and the other random variable counts the average num-
ber of allowed Fy-patterns that can fill in a fixed periodic boundary pattern (see
(4.15)).
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4.1. Entropy lemmas. Throughout this section we will assume that k > n. Also,
as standing notation, we set £ = k—n+ 1. For each u in «/’*, let &, be the ran-
dom variable that is 1 when u is allowed (i.e., when W,,(u) N % (w) = &) and 0
otherwise.

4.1.1. Lemmas for upper bound on entropy. Let ¢, ;. be the number of allowed
Fj-patterns:

4.1) Gni= Y, Eu

uest Fx
The following two lemmas, which concern the expectation and variance of ¢, ,
will be used to give an upper bound on the limiting distribution of entropy. We
begin by describing the asymptotic behavior of the expectation of ¢,, .

LEMMA 4.1. For any k > n, it holds that
(4.2) Ena(@np) = a” o™= a1
Furthermore, ifa > |<f|~" and k = k(n) satisfies n/k — 0 andlog(k)/n — 0, then

. d
HmEp o (pn0)' = ales|.

Proof. Recall Ni = {ue ogFe. W, (w)| = j}, and note that

04 . }
4.3) Ena@n)= Y. Ena)= Y, a"™@=% al|N |
ueotFr uest Fr j=1

Then by (4.3),
Ena(@ni) = a’ |7 = a1,
which verifies (4.2).
Now assume that a > |<Z|~! (so that a|<Z| > 1) and k = k(n) satisfies n/k — 0

and log(k)/n — 0. From (4.2), we see that
d

(4.4) hn}linf([En,a(gbn,k))”k > liminf o'’ 0 ot = alet),
since ¢/k =1-n/k+ 1/k, which tends to one as n tends to infinity.

Let us now bound the cardinality of N,]; * (foreach je[1,¢ 4]y from above. Let
€ >0, and consider j in [1,¢%]. By Lemma 3.8, for each pattern u in N,];’k, there
exists a repeat cover J of u such that |J| < 2k%/n. By Lemma 3.7 and the fact that
n/k — 0, for n large enough, any repeat cover J of a pattern u in Ni x satisfies
|Fr~A()| < (1+4dn/k)j < (1+¢)j. Assume now that we have n large enough
for these inequalities to hold. By Lemma 3.6, a pattern u in Ni i is determined
by any repeat cover J for u and the pattern w = ul|g, 4(j). Thus, bounding IN,{; ¥
by the number of pairs (J, w), where J € 6, (Fi) x €, (Fi) with |]| < 2k%/n and
w € 4 F>AD) we obtain

(4.5) |N£,k| < | |1V (22K In+1
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Here (k24)2k*/n+1 i5 an upper bound on the number of subsets J of €, (Fy) x
%6, (Fi) such that |J| < 2k%/n, and |<7|1*9 is an upper bound on the number
of patterns in A F~AU) where IFr~ANl=1+e)j.

Let p; (k) = k*+1 Then by (4.5), for any € > 0 and large enough n, we have
that

[d

Enalpni) =Y alIN) |

j=1

04, k? =L (1+e)] K/
<a’ |LI" + ) al|lt|M Y p)t"
j=1
(4.6) o s ,
<" | * + pr (Y (alet)'HE)
j=1

Sa[dLQ{lkd+pl(k)kd/n(a|r9¢|1+€)éd(a|:9¢|1+6_1)_1

szmax(a’ﬁm’“d, p1O* " ()t (@)t - D)L

By (4.6) and our assumptions on « (i.e.,, al</| > 1) and on k (i.e., n/k — 0 and
log(k)/n — 0), we obtain
k4

1
limsup([En,a((pn,k)) < alod|' .
n

As € > 0 was arbitrary, we see that

k4

1
4.7 limsup([En,a(¢n,k)) <ald|.

From (4.4) and (4.7), we have that

kd

1
i (Epalpnp)) = alssl,
[

In the following lemma, we show that the variance of ¢,, ;. is small compared
to the square of its expectation.

LEMMA 4.2. Suppose al<f| > 1 and k = k(n) = nf(n) with f(n) — oo and f(n) =
o((n/log m Y'Y, Then there exist Ky >0 and p; > 0 such that for large enough n,

Varn,a(¢n,k) <
[En,a((bn,k)z h

Proof. Suppose that @ and k = k(n) are as above. We introduce the notation

Kiexp(-pyn?).

Df;,k = {(u,v) € A% x T - W (W) VW, (0) # B, Wi (W) U W, (V)] = .
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Observe that the covariance of ¢, and ¢, is

En,a (fu - En,a (fu)) (fv - En,a (fu))) = [En,a(fufv) - En,a (fu)[En,a )
(4.8) — aIWn(u)UWn(U)I _ aIWn(M)IHWn(U)I

= g WaWUW W (] _ oI Wa W),

l-a

Then, since the variance of a sum is the sum of the covariances, we have

Varo(@p) = Y. alVn@owl (1 _ a|wn(u)nwn(v)|)
u,veat i
< Z g/Wn oW, @)
(4.9) u,vest Fk

Wy, (u)NW, (v) £
2091

_ Z a,] |D]
Then by (4.2) and (4.9), we have that

204 J
Varn,a((/)n,k) - Zj: C{]|D |
[En,a:((ybn,k)2 a a2€d|é2¢|2kd

Let (u,v) be in D{l . Let F, be a disjoint copy of Fy; for concreteness, we

(4.10)

take F ! = Fi. + k1. For notational convenience, we assume that v € of E 1’<, so that

we may think of (u,v) as an element of AT and use the terminology of
repeats as in Section 2.1.3. Let r be the total number of n-repeats in (u, v). Let
p be in F, U (Fy + k1), and let S = F, + p — 1. Note that either there exists a
unique repeat (S;, S») for (i, v) such that S =S, or else S is the lexicographically
minimal appearance of the pattern (i, v)|s in (u, v). Thus, we have that

2€d=j+r,

and hence r =209 — j.

Now let V be the repeat region A(J), where J is any repeat cover for (u, v)
(recall that the set A(J) does not depend on the choice of J). Let (Si‘ , S;) be the
repeat in (u, v) such that S7 is lexicographically minimal. For any n-cube S in
6 (F uF,’C), let M(S) denote the lexicographically maximal element of S. Define
a map @ from the n-repeats in (u, v) into the power set of V as follows:

S2, if (81,82) = (S7,S5)
{M(S5)}, otherwise.

Note that if (S;, S») and (Ss, S4) are repeats in (u, v), then ®(S;, S2)ND(S3, S4) = D
Thus, we have shown that |V| = n? + (r — 1), and therefore

IVIan+(r—1)=2€d—]+n -1.

®(S1,S2) ={

Then
(4.11) I(FruF)~V]=2k%-|V|<2k?-20%—n? +j+1.
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By Lemma 3.8, there exists a repeat cover J of (u,v) such that |J| < 4k?/n. By
Lemma 3.6, any element (i, v) in sz « is uniquely determined by a repeat cover
J for (u, v) and the pattern w = (u, U)l(FkUF;C)\AU)' Thus, we may bound the cardi-
nality of D{l . by the number of pairs (J, w), where J < 6, (Fx U F}) x €, (FxUF})

satisfies |J| < 4k%/n and w is an element of o FxUF)~AD) (and we know that
|(Fr U F,’c) ~ A(J)| may be bounded as in (4.11)). In this way, we obtain that

i d d_opd_,d, i
|D’]1k| < (4k2d)4k /n+1|d|2k 20 n +]+1

(4.12) .
< pz(k)kd/n|,Q{|2kd_2[d_nd+]+l,

where 4k?“ is an upper bound on the number of pairs of n-cubes contained in

FyUF, and pa(k) = (4k*?)°.
By (4.10) and (4.12), we have

Varn,a(pnk) _ T2 adID)
Ena(@ni)?> ~  a?l?|of |2k
pz(k)kd/nldlzkd—zﬂ—nd+lZ?idl—l(algﬂ)j
(4.13) = a2€d|&¢|2kd

5 pg(k)kd/nl.d|2kd_2[d_nd+l((Xl&{DZ[d((X|.52{|—1)_1
- a2£d|&¢|2kd
_ pa(0F ot (et | - )7
B || '

By hypothesis, we have k = nf(n), and we may write f(n) = g (n)(n/logn)"?
with gj(n) — 0. Note that for large enough n, we must have k < n? and p» (k) <
K194+ Then by (4.13), for n large enough, we have

(4.14)
Varn,o(@ni) _ pa(k)¥' "\t (@t |- D!
Ena(@ni) ot |

kd
= |of|(a]f] - 1) ! exp glogpg(k) - ndlogldl)

d d
<|of|(alef] - 1) ! exp| (10d + 1)%10{;%— ndlogldl)

< |of|(al<f| - 1) exp|2(10d + 1)n? g (m)¥ - ndlogldl)

= |/ |(al<Z| - 1) exp|n?(2(10d + 1) g; (n)? —logldl)).
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By (4.14) and the fact that g; (n) — 0, we see that there exist K; >0 and p; >0
such that for large enough n,
Var
[En,a ((bn,k)
O

4.1.2. Lemmas for lower bound on entropy. The next two lemmas will be used
to give a lower bound on the limiting distribution of entropy. In order to state
these lemmas, we need some additional notation. Let V}, ;. be the (nonrandom)
set of periodic patterns on 0, F; (with period ¢ in each cardinal direction):

Vik=1{ue o O, Utree; = Uy Whenever 1,1+ Ce; € 0, Fl.
Also, let Py, i be the set of Fj-patterns with periodic n-boundaries:
Ppr={ued™ uly p € Vyil

Note for future reference that | Py, x| = |/ | ‘ Let Wn,x be the average number of
ways of filling in a periodic boundary (i.e., a boundary from V}, ;):

1
== $b-
Vi, i bz

EPn,k

(4.15) Yn,k

Note that vy, ;. is a random quantity. The following lemma shows that v,  may
be used to give a lower bound on the entropy of the random Z%-SFT.

LEMMA 4.3. For k> n and any w in Q,, it holds that
1
k4
Proof. Let k> n, and let w be in Q.
For a periodic boundary b in V,, ., let W (b) be the set of patterns u in Wi(X,,)

such that uls, 5, = b. Since the forbidden patterns have shape F,, and the pat-
terns in V,, ;. have thickness n, we have that

logu/n,k(w) = hper(Xa)) < h(Xy).

Y IW(b)l.

Wn,k(w) =
Vil 57,

Since the average of a finite set of real numbers is less than or equal to its maxi-
mum, there exists b in V,, ; such that [W(b)| = v, x(w), and we fix such a pattern
b.

By definition, X, is a Z%-SFT, and the forbidden patterns that define X, all
have shape F,. Thus, if {wp} ,cza is any collection of patterns in W (b) indexed

by Z4, then there is a point x in X,, such that X|p+ep = wp for all p in z%. In
particular, if {wp} cza is totally periodic, then the corresponding point x has a
finite orbit. Therefore

1
ﬁlOgIW(b)l < hper(Xp) < h(Xy).
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Then, using that |[W(b)| =2 ¢, (w) and ¢ < k, we see that
1

Kk

as desired. O

1
logWrL,k(CU) = ﬁlogIW(b)l = hper(Xw) < h(Xy),

In the following lemma, we describe the asymptotic behavior of the expecta-
tion of ¥, k.

LEMMA 4.4. For any k > n, it holds that
-1 ¢4 -1,04 407
(4.16) EnaWni) Z Vil @ |Puil =Viil "a LI .
Further, if a|ls/| > 1 and k = k(n) satisfies n/k — 0 and log(k)/n — 0, then
li}znlEn,a(Wn,k)de =ald|.
Proof. Define
Q) = (UE Py IWn ()| = j},

and note that

|Vn,k| IEn,(x (Wn,k) = Z [En,a(fb)
hEPn,k

= Y W

(4.17) be Py i
04 )
=2 allQ, -
j=1 ’
Recall that | P, ;| = Idlid. Then using (4.17), we obtain
04 ,
EnaWni) = 1Vakl™ Y a/1Q)
j=1
_ d
> Vel '@ [Py il
= [Vl Ll a1,

which verifies (4.16).

Now suppose that a > |«/|™! (so that al«/| > 1) and k = k(n) satisfies n/k — 0
and log(k)/n — 0. Since P, ;. < «/T* and |V, | = 1, we have ¥, x < ¢, . Then by
Lemma 4.1, we have that

4.18) Hmsup o ()% < limsupEp o (@) = alet|.
n n

For the sake of notation, define B =log, |Vy,kl, and note that B < [0, Fy| <

K(d)nk®! for some constant K(d) that depends only on d, which implies that
B/k® — 0. Then by (4.16) and the fact that n/k — 0, we have that

(4.19) limninf[En,a(wn,k)”kd > limninfldl_B/kd(a|d|)([/k)d = alod|.
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By (4.18) and (4.19), we obtain
. d
hlrin[En,a(u/n,k)”k =ald|.
O

The following lemma shows that the variance of v, ;. is small compared to

the square of its expectation.
LEMMA 4.5. Suppose al<f| > 1 and k = k(n) = nf(n) with f(n) — oo and f(n) =
o((n/log m Y. Then there exist K, >0 and p, > 0 such that for large enough n,
Vary, o (W, 1) d
———— < Ky exp(—pon”).
[En,a: (Vln,k)z 2EXpLmp2

Proof. Define
87 =W, V) € Py x Py : W) 0 Wy (1) # B, [ Wi (1) U Wy (0)] = j,
and
J J ai
Sn,k = .UISn,k.
i=
As in (4.8) and (4.9), we have

Varn o @) = Vel 2 3 alwn(u)uwn(vn(l_amm)nwn(vn)
U,VEP, |

< Vil ™2 ) o WaUW, @)

(4‘2()) u,VEP,
Wy (u)NW, (1) £2

22[‘1—1 - aj

— - J &

= Vil 21 al|$), .
]:

Let b= b(n) =2¢% — n?. Then by Lemma 4.4 and (4.20), we have
2091 _j, &
Varn,a(Wn,k) < Zj:1 allsn,k'
[En,a('(//n,k)z B (a|=$2¢|)2£d
b-1,,j 6] 209-1 j &
- i 1S, I+ X5, alIS,
- (|t )20
b-1,j&J by20%-1 6]
- Lo @18, 1 +a? X5 1S, ]
- (<t )2
1 _iiaj d_
- 2?211 al|§;, 1+al|S2

(alet )2

(4.21)

We proceed by finding upper bounds for. |§£l’k| and |Sff£‘1 .
First, we seek an upper bound for ISil |- As in the proof of Lemma 4.2, we

consider pairs (u, v) in P, i x Py, as elements of «/ FlF ;’c, where we take F,’C =
Fy + k1 for concreteness. For such a pair (¢, v), let r be the total number of
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repeats in (u, v). Then, as before, 29 = j+r, and so r = 2¢% — j. Let V be the
repeat region, i.e, V = A(J) for any repeat cover J of (u,v) (recall that the set
A(J) is independent of the choice of J). The map (S1, S2) — m(S,) is an injection
of the set of repeats in (u, v) into the set V n (Fy U (Fy + k1)), and therefore

VA (Fou(Fp+ kD) =1 =209—j.
Hence,

|(Fpu (Fp + k1)~ V| =209~V 1 (Fpu (Fp + k1))

(4.22)
<2040 - j)=].

By Lemma 3.8 (viewing the full d-cube Fj as a face of dimension d), for each
(u,v) in S{l o there exists a repeat cover J of (u,v) such that |J| < 4k%/n. Fur-

thermore, each element (u, v) of Sil « 18 uniquely determined by a repeat cover

J and the pattern w = (u, U)|(F[U(F[+kl))\A(]) (by Lemma 3.6 and the fact that

u and v have periodic boundary). Thus, bounding |S{1 | by the number of
pairs (J, w) such that J < 6, (Fj uF,’C) X €y, (Fy uF,’C) with |]]| < 4k n and w €

o (FeOEARD)~AD) g using (4.22), we see that

4.23) 187 1 < @RI ),

Here we have used that 4k?? is an upper bound on the number of pairs of

hypercubes in Fj LI F,’C As before, let py (k) = (4K24)5,
Let us now obtain an upper bound on the cardinality of S,Zfz -1, Here we will
use the fact that for any pair (1, v) in Sffz‘l, we have that W, (u) n W, (v) # &.

Let (u,v) be in Sffz‘l. Due to the periodicity of the boundary of v, the pat-
tern v|r,+4 uniquely determines v for each g such that F, + g c F,.. Choose the
lexicographically minimal n-cube S;‘ in 6, (F,’C) such that v| s; € W, (1) (which
exists since Wy (u) N W, (v) # &), and then choose the lexicographically mini-
mal n-cube in S} in Fy such that vls: = vls;. Now choose the lexicographically
minimal point g in F}. such that S; < F; + q < F; (and note that g is uniquely
determined by S3). Let ¢ map (u, v) to (S, S5, u, VlF,+q)~s;)- Then ¢ is injective,
and therefore

(4.24) |sff,j—1| = |<P(S3f;_l)| < 24| |0 1o |01 = 24 g 201

Here we have used that k2 is an upper bound on the cardinality of the possible
pairs (S1, S») appearing in the first two coordinates of the image of ¢. Note that
k*4 < py(k) = (4k>D)>,



40 KEVIN MCGOFF AND RONNIE PAVLOV

By (4.21), (4.23) and (4.24), we have

b-1 ,j,&] by g2¢04-1
Vary o (W5, 1) < ijla |Sn,k|+a lSn,k |

Ena@Wni)?® ~ (e 2
p2(F I bl @l (ot ] + ab py (Rl P
(4.25) - (alst )2
_ @l 1= (0N el ) (@l )P o)
B (als )2 (arlst )2
_ @1=) " M )
B (@l )" (s

By hypothesis, we may write k = nf(n), where f(n) = o((n/log n)l/dy, Using
this hypothesis, the fact that al</| > 1 and (4.25), we see that there exist K, >0
and p» > 0 such that for large enough n,

Varn o (Yn k) d
——————- < Kyexp(—p2n”).
[En,w (an,k)z 2eXpLmp2

O

4.2. Proof of Theorems 1.2 and 1.4. Here we present a unified proof of Theo-
rems 1.2 and 1.4. The proof essentially breaks into two parts, the upper bound
on entropy and the lower bound on the periodic entropy. In each case we use a
second moment argument, relying on Chebyshev’s inequality. The upper bound
is a consequence of Lemmas 4.1 and 4.2, and the lower bound is a consequence
of Lemmas 4.4 and 4.5.

PROOF OF THEOREMS 1.2 AND 1.4. Choose k = k(n) = nf(n) with f(n) — oo and
f(n)=o0((n/log mtd), By subadditivity, for any k > n, we have that

1 1
(4.26) h(X,) < ﬁlogIWk(Xw)l = ﬁlogc/)n,k.

Let 5, (w) = exp(h(Xy)) and 0, (w) = exp(hper(Xy)). Then (4.26) may be rewritten
as

4.27) BE < WX = P
On the other hand, by Lemma 4.3, we have that
1
W log ¥,k < hper(Xw) =10gny,
and therefore

kd
(4.28) Ynk=My, -
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Suppose a > |«/|~! (so that a|</| > 1), and let € > 0 be such that a|«/| —€ > 1.
Then
(4.29)

Pra(IBn— als|l = € or In, — ales|| = )
d d
<Pra(Pni = @t 1+ ) + Py (wni < (@lst| - %),

where the inequality follows from (4.27), (4.28), and 1, < B, by inclusion. Note
that

Pua ((pnk = (al| +€)kd)

=Pua ((pnk —Epna@Pni) = (@l + €)kd - [En,a((pbn,k))

aldd|+e€ ket
= Pn,a (pn,k - [En,a((l)n,k) = [En.a((,bn,k)((—) — 1) .

[En,a((pn,k)llkd

Let dy = (Vary,q (¢, k))” 2/ Eyn,a(dn ). Then by Chebyshev’s inequality,

Pra(Pni = (@let |+

kd
=Pna (Pnk—[Ena(<Pnk)2(Varna((pnk))l/zi((ﬂ) _1)
' y ' ' ’ ’ dy \\E g (¢, 1) V%

| ; |
< o .
(]| +€)/Epq(dn)M*)" —1

Since Eyq (0% tends to al«/| (Lemma 4.1) and d? < K; exp(-p,n?) for
large enough n (Lemma 4.2), we obtain that there exist K3 >0 and p3 >0 such
that for large enough n,

(4.30) Pn,a(gbn,k > (al<f| +€)kd) < Kz exp(—p3n?).

Similarly, letting d» = (Varp,q (W, 1))'/?/Ep,q (W, 1) and using Chebyshev’s in-
equality gives

Pn,a("ﬂn,k < (al| —€)kd)

1 ald|—€ k
=Pua Ynk— [En,a(U/n,k) = (Vary,q (U/n,k))llz_ ((%) - 1)
d2 [En,a (Wn,k)l/k

| C |
((@let | =€) Ep a0 F) " —1

Since [En,a(u/n,k)”kd tends to a|</| (Lemma 4.4) and d? < K> exp(—pgnd) for
large enough n (Lemma 4.5), we obtain that there exist K; > 0 and p4 > 0 such
that for large enough n,

(4.31) Pn,a(wn,k < (als/| —e)k”’) < Kyexp(—pan?).
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Combining (4.29), (4.30) and (4.31), we have that there exist K5 and p5 such that
for large enough n,

Pn,a(lﬂn— ald||ze€or|n,—aldl| ze) < K5exp(—p5nd),

which is equivalent to the conclusions of the theorems for @ > |«/|~! by the
continuity of the logarithm.

Now suppose that a < |«/|~!. Let e > 0. Choose a’ > |«/|~! such that log(a’| /)
€/2. Since entropy is a monotone increasing random variable (i.e., if v < ' then
h(Xy) < h(X,)) and a < ', then by [13, Theorem 2.1], we have that

Ipn,a(h(Xw) e Pn,a’(h(Xw) =¢).

Also, since log(a'|</|) = €/2, we have
Poo(AX0) = €] =Py (h(X,) ~log(@' 7)) 2 €/2),

Since a' > |«/|~!, we have already shown that there exist K >0 and p > 0 such
that for large enough n,

Pn'a/(h(Xw) —log(a'|#]) = e/2) < Kexp(—pn?).

By combining the previous three displays and using that hpe(X,,) < h(X,), we
obtain the desired conclusions. O

5. DISCUSSION

Let us close with some general remarks and open questions regarding the
behavior of random Z%-SFTs.

REMARK 5.1. There is a more general setting for Z¢-SFTs than the one consid-
ered in this work. Suppose X is a Z?-SFT. Then one may obtain a probability
distribution on the Z%-SFTs contained in X by randomly forbidding patterns
from W, (X) with some probability a. Hence, one may ask about the likely prop-
erties of random Z%-SFTs contained inside an ambient Z%-SFT X. In [26], this
more general setting was studied for Z-SFTs, and results analogous to Theorems
1.1 and 1.2 were shown to hold whenever X is an irreducible Z-SFT. In this work,
we only allow the ambient shift X to be a full shift, as full shifts seem to provide
the only cleanly defined class of Z%-SFTs for d > 2 that possess all of the proper-
ties required for our proofs. Nonetheless, it would be interesting to understand
the behavior of random Z%-SFTs inside of other ambient shifts.

REMARK 5.2. It has been quite difficult to prove Z¢-SFT versions of many fun-
damental theorems about Z-SFTs (for example, consider factor theorems [7, 8,
25], embedding theorems [18, 20, 21], and uniqueness of measure of maximal
entropy theorems [9, 28]). The difficulty in extending such theorems is often
caused by the strange or pathological behavior that can occur in some Z4-SFTs,
which either removes hope for the Z¢ result entirely or forces stringent hypothe-
ses to absolutely rule out the "bad" examples.
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However, the results of this paper suggest that "typical" Z%-SFTs may avoid
these pathological behaviors. Therefore, it may be possible to prove versions of
Z-theorems for "typical" Z¢-SFTs. In particular, there may be some Z-SFT theo-
rems which hold, not for all Z4-SFTs, but for sets of Z%-SFTs that have probabil-
ity tending to one as n approaches infinity (for certain values of a). For example,
one may ask whether “typical” Z?-SFTs have a unique measure of maximal en-
tropy. Previous work [26, Theorem 1.4] implies that for a close to one, a random
Z-SFT has a unique measure of maximal entropy with probability tending to
one as n tends to infinity.

REMARK 5.3. As mentioned in the introduction, the class of Z%-SFTs exhibits
strikingly different behavior in the two cases d = 1 and d > 1. However, our re-
sults suggest that these differences may not appear for “typical” systems. Indeed,
the main results presented in this work give a precise sense in which typical Z-
SFTs behave similarly with respect to emptiness, entropy, and periodic points,
regardless of d. Thus, there remains an interesting open question, which we for-
mulate as follows. Does there exist a property 2 of SFTs, a probability a € [0, 1],
an alphabet «/, and natural numbers d; # d» such that inf,P, ,(2) > 0 in di-
mension d; and lim, P, ,(2) =0 in dimension d,?
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