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Pruning properties

• Techniques covered so far only prune if the sum of 2 
players scores adds up to maxsum

• Consider Hearts as a maximization game:
• Score is points taking by other players
• maxp = 26; maxsum = 52; minp = 0; minsum = 52
• The only way 2 players scores sum to 52 is if they 

both get 26; but then we just do immediate pruning!
• Shallow pruning never occurs!
• Depends on properties of game, not order of tree

Multi-player games have more than 2 players

• All pruning that we’ve seen so far only involves bounds 
for 2 players
• It is highly unlikely that 2 players have their bounds 

add to maxsum
• Effective pruning techniques involve bounds from all 

players
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Speculative Pruning

• When b gets large, the gains of speculative pruning will 
be minimal; can we do better

• If we analyze where deep pruning failed, (depth 3 tree) 
there were two conditions:
• Unseen leaf at P2 node has better score for both P2 

and P1
• Unseen leaf at P3 node is better for P3 and P2

• This corresponds to having the move ordering wrong
• Solution: prune, and then verify these two conditions

Speculative Pruning Example
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If value is (5, 3, 2)
must re-search below

Speculative Pruning Analysis

• Speculative pruning depends on the order of nodes in 
the tree, not the values in the game

• Asymptotically still must provide a strategy for each 
player, so bounded by b(n-1/n)d

• Can verify this lower-bound via recurrence equations 

Generalized Pruning

• In practice our evaluation functions are points in 3d 
space
• Each bound drops a plane in 3d space
• If a point is guaranteed to be outside the current 3d 

bounded space, we have the potential to prune
• Separates the pruning decision from the algorithm that 

implements correct pruning
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Generalized Pruning

• Suppose that the evaluation function is a function of the 
underlying outcomes of the game
• eg outcomes far fewer than strategies for play
• Then, we can iterate over outcomes to see if pruning 

is possible

Example of complex non-zero sum game

(0, 0, 3)
(0, 1, 2)
(0, 2, 1)
(0, 3, 0)
(1, 0, 2)
(1, 1, 1)
(1, 2, 0)
(2, 0, 1)
(2, 1, 0)
(3, 0, 0)

Possible Tricks

(-20, …)
(-20, …)
(-20, …)
(-20, …)
(-20, …)
(-20, …)
(-20, …)
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bids 2

(20, …)
(20, …)
(21, …)

(0, …)
(0, …)
(0, …)
(0, …)
(0, …)
(0, …)
(0, …)
(2, …)
(2, …)
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Evaluation Fcn

Generalized technique

Generate points for the utility of each game outcome.

1. Check hash table for entry.

2. Remove values that are 
inconsistent with heuristic.

3. Check boundary of space.

4. Add result to hash table.

Yes
No0. Calculate current bound 

vector and heuristics.



Other techniques?

• History Heuristic / move ordering
• No problem...but…may change equilibrium strategy/

payoff
• Transposition tables
• No problem...but…may change equilibrium strategy/

payoff

Alternate: Paranoid

• Two-player games give us better properties than multi-
player games
• Reduce a game to two players by assuming the other 

players formed a coalition against “us”
• Actually just a revised evaluation function
• Given the same eval, maxn would play the same

• Is the tradeoff worthwhile?
• Restricted evaluation function vs deeper search

Paranoid Analysis

• From a pruning perspective, same analysis as alpha-
beta pruning
• But, the joint player has a branching factor of bn-1/n

• Paranoid makes the assumption that a player will take 
an arbitrarily large loss in score in return for a arbitrarily 
small penalty to the paranoid player
• If the game doesn’t facilitate this (eg Chinese 

Checkers), then it is find to use
• Doesn’t work nearly as well in card games

Alternate: Best-Reply Search

• Abstraction of full games
• Only allow a single opponent to perform actions
• Opponent has branching factor b·n

• Results in much smaller game tree
• Game states during search may be illegal

• Is the tradeoff worthwhile?
• Restricted game model vs deeper search



Opponent modeling

• What if I don’t have the right opponent model?
• Tie-breaking (shared eval function)
• Break ties against player at root of tree
• Will work poorly if there are lots of ties

• Tie-breaking (bad evaluation function)
• Need to compare values with epsilon difference
• Or, simplify opponents’ model to represent 

uncertainty of their actions

Table 1: The six ways to arrange two player types, A and B, in
a three-player game.

Seat 1 Seat 2 Seat 3
1 A A B
2 A B A
3 A B B
4 B A A
5 B A B
6 B B A

Table 2: The effect of opponent models on play.
Players Player A Player B
A v. B Score %Win Score %Win

(a) mOTMT v. MTmOT 248.6 74.7 163.8 25.3
(b) mOTMT v. MTMT 235.4 59.0 199.2 41.0
(c) mOTmOT v. MTmOT 198.2 53.5 191.4 46.5
(d) mOTmOT v. MTMT 178.2 44.0 207.3 56.0
(e) mOTMT v. mOTmOT 212.4 37.2 250.8 62.8
(f) MTmOT v. MTMT 157.3 36.0 218.4 64.0

The perfect-information version of Spades is a complex and chal-
lenging problem in itself. If we wish to play the imperfect-information
version of Spades, Monte-Carlo sampling can be used to turn a
perfect-information player into a imperfect-information player, such
as was done in Bridge [5].

To demonstrate the effect opponent modeling has on quality of play,
we consider two player types, one player who tries to maximize the
number of tricks they take in a hand (ignoring the bid), which we
call MT. The other player type we consider attempts to minimize
the number of overtricks they take, which we call mOT. Then, we
varied these players by either giving them a model of their oppo-
nent, which we designate in the subscript. So MTMT is a player
who is attempting to maximize tricks, and assumes the same about
all opponents. MTmOT is also trying to maximize tricks, but as-
sumes that all opponents are trying to minimize their overtricks.
Players do not do any further recursive opponent modeling.

We arranged the experiments as follows. For each combination of
the two player types and opponent models we played 100 games,
each of which ended after any player reached 300 points. In each
hand players were dealt seven cards from a standard 52 card deck
and searched the game trees in their entirety. A rule-based system
was used to determine player bids, and all players used the same
system. Because there are three players in each game, each game
was repeated with the same cards six times to account for different
arrangements of players at the table (See Table 2). Although the
specific results will vary based on the number of cards, the score
limit for ending games, and the rule-system used for bidding, sim-
ilar trends are found in the data regardless of these parameters.

We report the results of play in Table 2. Each row shows the av-
erage score and percentage of wins for the two listed player types
averaged over the 600 games played3 (100 games for each of the
six combinations of player types). In each game two of the players
will be of the same type and thus that type will have an increased
chance of winning the game. This is offset by the fact that in the
other half of the games that type will only be one of the three play-
3All results reported in this paper have 95% confidence of being
within 7.2 points or less, which is sufficient to support our claims.

ers and so have a lower chance of winning. In summary, if the
player types were equal, they would be expected to win half of the
games. Similarly, even if a player type wins 100% of the games,
its average score would likely be less than 300 because in half of
the games one of the losing players must be of the same type as the
winner and presumably have a score less than 300.

By the rules of the game, we would expect the player who is min-
imizing overtricks to do best, and in general they do. This is par-
ticularly noticeable when they have a correct model of their oppo-
nent as shown in rows (a) and (b).4 When both players have correct
models of each other (a), the mOT player wins 74.7% of the games.
If the MT player does not have a correct model of the mOT player
(b), the win rate drops to 59.0%. However, if the mOT player also
has an incorrect model, the win rate drops to 44.0% and the pre-
ferred evaluation strategy can actually lose. This is a high price to
pay for an incorrect opponent model. Furthermore, we cannot just
assume our opponent is trying to maximize tricks, because we will
do quite poorly against another player who is trying to minimize
his overtricks as shown in row (e).

Lastly, row (f) shows the same results of the importance of cor-
rect modeling when both players try to maximize their tricks. In
this case the average scores are much lower than in other games.
This occurs because both players are using poor strategies, which
increases the variance and thus lowers the average score. Similar
results, not reported here, have been seen in other card games.

Note that because we are only doing one level of opponent mod-
eling, it is important that we both have a correct model of our op-
ponent and that our opponent has a correct model of us. Other-
wise our predictions of our opponents’ behavior will be incorrect.
This explains why the results from row (a) are different from row
(b). In row (b), the MTMT player will behave differently than the
mOTMT player predicted since it expects to be facing an MT op-
ponent. These results indicate that errors in second-level modeling
effects (i.e., my model of my opponent’s model of me) are impor-
tant, but of a smaller magnitude than first-level modeling errors.

3. Soft-Maxn
We propose a new algorithm, soft-maxn, which is more robust to
unknown opponents. We first present the algorithm intuition in the
context of our results in Spades, followed by a more formal presen-
tation of the algorithm.

First let us briefly return to Figure 1. At node (c) there is a tie for
Player 2, so either move can be chosen, resulting in a score of 6
or a score of 1 for Player 1. Because maxn only backs a single
value up the tree, there is no way for Player 1 at the root to know
the risk of taking move (c). Because a value that is a tie for one
player is not necessarily a tie for the others, there is a risk any time
we encounter a tie in the game tree. The first inclination may be
to remove all ties in the game tree. If all players have a publicly
known total ordering on possible outcomes in a game (i.e., there
are no ties), the maxn algorithm will work “perfectly”, in that this
problem will never arise. In practice, however, players themselves
may only have a partial ordering on outcomes. When there is a
4Due to the nature of our experimental setup, one-third of a players’
opponents will actually be of their own type. Hence, when we say
player A has a correct model of its opponent, such as in row (a), we
mean that at least two-thirds of its opponents are correctly modeled.
The only situation where a player has a correct model for all of its
opponents is player B in rows (e) and (f).

Table 4: The effect of generalized opponent models on play.
Players Player A Player B
A v. B Score %Win %Gain %Loss Score %Win

(a) mOTg v. MTmOT 241.7 68.5 15.0 6.8 178.2 31.5
(b) mOTg v. MTMT 218.2 53.5 9.5 5.5 206.1 46.5
(c) mOTg v. mOTMT 242.2 54.8 4.8 8.0 228.7 45.2
(d) mOTg v. mOTmOT 230.6 46.0 8.8 4.0 243.8 54.0
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4 5 6 (bid is made)
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Figure 4: The generalization of the models from Figure 3.

We can achieve this generalization by simple intersection:

G(O1, . . . , Ok) =
k\

i=1

Oi.

Hence, (u, v) 2 G(O1, . . . , Ok) if and only if 8i (u, v) 2 Oi. In
other words, u is preferred to v in the generalization if and only if
u is preferred to v in all of the candidate models.

In Figure 4 we demonstrate the generalization of the models from
Figure 3. In this case, the generalization of the two candidate
models results in a model where the opponent prefers outcomes in
which they make their bid, but it does not tell us anything beyond
that.

4.1 Opponent Modeling and Soft-Maxn
Given an opponent model, it is easy to make use of it in soft-maxn
by simply defining a dominance rule on maxn sets. Let s1 and s2 be
maxn sets. We say s1 strictly dominates s2 under opponent model
O, if and only if,

8u1 2 s1 8u2 2 s2 (u1, u2) 2 O,

and weakly dominates, if and only if,

8u1 2 s1 8u2 2 s2 (u2, u1) /2 O and
9u1 2 s1 9u2 2 s2 (u1, u2) 2 O.

These definitions of domination can now be used in the soft-maxn
search for any given opponent model. Given a set of candidate
opponent models, we can also construct the generalization of these
models and use that model with soft-maxn.

In domains where we cannot explicitly enumerate all possible out-
comes in a game, we can instead use a functional model to provide
the same information that we are getting from our explicit models
in Spades.

4.2 Inferring Opponent Models
Without a specific opponent model we have shown that effective
play can be obtained by generalizing a set of candidate models.
During the course of a game, though, we actually observe our oppo-
nents’ decisions. This opens up the possibility of inferring models
of our opponents’ preferences from observations of their choices.

This is no easy task, as it is not generally possible from observa-
tions to distinguish between a player’s preference over outcomes
and simple indifference. Any decision of the opponent can always
be explained as some tie-breaking mechanism on outcomes over
which the player has no preference. Inference ex nihilo may be ill-
defined, but inference based on a set of candidate models can still
be done.

Given a set of candidate opponent models and a game with deci-
sions by the opponents, we can identify which models are consis-
tent with their actual decisions, and more importantly which are
not. This will not identify which model best captures their pref-
erences, but it can be used to eliminate models which certainly do
not capture their preferences.5 Eliminating these models will make
the generalization of the remaining candidates more specific to the
actual opponent. For example, near the end of a hand of Spades
one may observe the opponent play their final cards so as to avoid
taking a second overtrick, which they could have guaranteed tak-
ing. From this one can infer that the maximizing tricks model is
inconsistent and eliminate it from the candidates. If maximizing
tricks and minimizing overtricks were the only two candidates, one
would then be certain the opponent minimizes overtricks. In later
hands, this more specific model of the opponent can be used.

In order to perform this consistency check we need to reconstruct
the actual decisions an opponent faced during the game. We can
do this by running soft-maxn with generalized models for all of the
players, including ourselves. Hence for any opponent decision we
will have maxn sets, which we know contain the possible outcomes
the opponent was deciding between. Let s1 and s2 be two sets
the opponent decided between, where the actual decision was the
action associated with s1. This decision is definitely inconsistent
with opponent model O if,

8u1 2 s1 8u2 2 s2 (u2, u1) 2 O.

We can perform this consistency check for every candidate model,
for every opponent, for every decision that they made. For each op-
ponent, we eliminate inconsistent models and recompute the gen-
eralization of the remaining models to be used in future soft-maxn
searches against this opponent.

LEMMA 2. If our opponent is described by some opponent model
Oi and it is common knowledge that all players’ preferences are
consistent with the generalized modelG(O1, . . . , Ok), then our in-
ference is sound, i.e., we will not eliminate Oi.

Proof. By Lemma 1 we know that soft-maxn’s values for each
node in the tree is a superset of all equilibria consistent with the
5This is essentially version-space learning [11] where the hypothe-
ses are partial orderings and the training data are decisions the agent
has made.


